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Part 1

Life of a Single Particle






Chapter 1

Introduction

Our goal is to present a brief and self-contained introduction to quantum field theory from the
constructive point of view. We try to motivate some basic results and relate them to interesting
open problems.

One should mention right at the start that one still does not understand whether quantum
mechanics and special relativity are compatible at a fundamental level in our Minkowski four-space
world. One generally assumes that this means finding a complete Yang-Mills gauge theory or the
interaction of gauge fields with fermionic matter fields, the simplest form being quantum chromo-
dynamics (QCD). Associated with this picture is the belief that the fundamental vector meson
excitations are massive (as opposed to photons, which arise in the limiting case of an abelian gauge
symmetry. The proof of the existence of a “mass gap” appears a necessary integral part of solving
the entire puzzle.

This question remains one of the deepest open issues in theoretical physics, as well as in math-
ematics. Basically the question remains: can one give a mathematical foundation to the theory of
fields in four-dimensions? In other words, can do quantum mechanics and special relativity lie on
the same footing as the classical physics of Newton, Maxwell, Einstein, or Schrodinger—all of which
fits into a mathematical framework that we describe as the language of physics. This glaring gap
in our fundamental knowledge even dwarfs questions of whether there are other more complicated
and sophisticated approaches to physics—those that incorporate gravity, strings, or branes—for
understanding their fundamental significance lies far in the future. In fact, one believes that stringy
proposals, if they can be fully implemented, have limiting cases that appear as relativistic quan-
tum fields, just as relativistic quantum fields describe non-relativistic quantum theory and classical
physics in various limiting cases.

We begin with the quantum mechanical treatment of a particle of a given mass. If we assume
that the symmetry of the quantum theory includes the transformations of special relativity, then
much of the structure follows naturally. We then develop the basic Euclidean point of view, that
arises from attempting to analytically continue Lorentz symmetry to Euclidean symmetry. This
provides also the natural connection with path integrals. We specialize the case of a single, free,
bosonic particle; this illustrates many of the main ideas.
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Each method gives a route to quantization. In the path integral framework we encounter classical
fields defined on Euclidean space (with a positive metric and Euclidean symmetry). One encounters
a condition known as reflection (or Osterwalder-Schrader) positivity that allows one obtain a quan-
tum theory (on Hilbert space) from a path integral. The quantum theory that one finds agrees with
the usual picture of canonical quantization that one learns in standard field theory. The quantum
theory also comes with a representation of the inhomogeneous Lorentz group (the Poincaré group)
that arises from an analytic continuation of the quantization of the Euclidean group.

Thus the two fundamental points of view mesh to one. We first investigate a special case
that relates to the Gaussian path integral and the free quantum field. We then give the general
construction that applies for bosonic non-linear fields.
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Chapter 2

Life of a Particle in Real Time

We introduce quantum theory for a single, spinless particle of mass m > 0. We assume that the
particle moves in Euclidean space with coordinates ¥ and of dimension s = d — 1. The usual case
is s = 3, but for until we encounter interactions we also allow for arbitrary integer values of s.

2.1 Quantum Theory

The quantum state of a particle is described by a wave function f. We deal concretely with some
concepts that appear in more abstract form in later chapters. A particle follows the usual rules of
quantum theory:

e The wave function of a quantum system is a vector f in a Hilbert space H, comprising possible

wave functions.

Quantum mechanical observables (such as the energy H or the momentum }3) are self-adjoint
linear transformations on H.

The value of an observable T" in the state f is its expectation (f, 7'f),.

A group & of physical symmetries is described by a unitary representation U(®) of & on H.

The self-adjoint generator of a one-parameter subgroup of symmetries & is identified with a
specific physical observable.

There are two alternative ways in which one views the action of a symmetry group &.

HP. In the Heisenberg picture, one considers that the symmetry acts on the observables. So an
observable T' transforms under a symmetry element g € & as

T —-T9=U(g)TU(g9)" . (2.1)
The value of the transformed observable in the state f is given by the expectation

(5, T99)p = (1, U@)TU(9)" gy - (2.2)
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SP. Alternatively, in the Schrodinger picture, one considers that the symmetry acts on the
states. In this case the state vector f transforms under the symmetry according to the anti-
representation

f—§=U9)f, (2.3)

for which U(g1)*U(g2)* = U(gag1)*. The value of the observable T" in the transformed state
f9 also equals (2.2).

The one-parameter group of time-translations defines the dynamics of quantum theory, and this
group has a special significance in quantum theory. The time-translation group U(t) = e is
generated by the energy observable H (also called the Hamiltonian). Its action in the Schrodinger

picture is

f= i =U@)T=e""F, (2.4)
and this gives the solution to the Schrodinger equation.
L, Of! : PR 0
zha = Hf", with initial data " =, (2.5)

in units where Planck’s constant i = 1. Therefore one often calls e=*# the Schrédinger group.

2.2 Poincaré Symmetry

We are concerned here with quantum theory that is compatible with special relativity. So we expect
that the symmetry group of relativity has a unitary representation on H. This group of symmetries
is sometimes called the Poincaré group. An element of the Poincaré group {A,a} comprises both a
Lorentz transformation A and a translation a of Minkowski space, which we now define.

The coordinates of d-dimensional Minkowski space-time M¢ are z = (#,t). The met-
ric g in Minkowski space is a d X d diagonal matrix with entries g"”, and with eigenvalues
{-1,-1,-1,...,—1,1}. The Minkowski square of z is!

Ty = xu g w, =t — 1. (2.6)
Qv

Time-like vectors have positive squares, space-like vectors have negative squares, and light-like
vectors have square zero.

Lorentz transformations act linearly as x — Ax, and they are specified by real d x d matrices
A, chosen to preserve the Minkowski square of x. Thus the Lorentz matrices satisfy

ATgh =g, (2.7)

IFor simplicity of notation we generally will suppress the subscript M in denoting the square of the Minkowski
length. In this chapter all squares or inner products of Minkowski-space vectors will be assumed to be Minkowski
scalar products. On the other hand, inner products of spatial components & of vectors will be assumed to have
Euclidean (positive) signature.

Introduction to Quantum Field Theory 24 May, 2005 at 7:26



2.2. POINCARE SYMMETRY 7

where A7 denotes the transpose of the matrix A. This condition is equivalent to the preservation
of the Minkowski squared length. For one can write in matrix notation 22 = 2% gx, so

(Az)? = 2T ATgAz = 2T gx = 22 . (2.8)

Translations in the Poincaré group act in an affine manner, x — x4+ a. One defines the Poincaré
transformation {A,a} to act as
{ANa}x=Ar+a. (2.9)

The multiplication law for the Poincaré group (2.9) is

{Al,al}{Ag,ag} = {AlAQ,Alag +CL1} s (210)

and in particular,
{A,a} ={I,a}{A,0} . (2.11)
The inverse {A,a}~! = {A~1, —A~1a} acts on Minkowski space as
(Aol 'o=AYz—a). (2.12)
In the case A = I, this multiplication law ensures that all space-time translations commute, for

U(I, al)U(I, CLQ) == U(I,CLQ +6L1) == U(I,GQ)U(]7 (11) . (213)

The basic physical assumption of relativistic quantum theory is that one can identify the self-
adjoint generators of the one-parameter subgroups of the Poincaré group with the following physical
observables.

e One identifies the d generators of the space-time translations U (7, a) with the components of
the momentum vector P and the energy H,

U([)a) — eiadHfi(‘i-]s — eia-P , (214)
where P = (15, H) denotes the momentum-energy vector.

e Likewise one identifies the (d—1)(d—2)/2 infinitesimal generators L;; of rotations in the planes
x; x; as angular momentum. One identifies the (d — 1) self-adjoint generators M; generating
hyperbolic rotations in the planes z; x4 as Lorentz boosts.

The commutativity of the space-time translation subgroup means that the components P, of the
momentum-energy vector are mutually commuting operators,

P,,P,]=0, forall 1 <p,v<d. (2.15)

Introduction to Quantum Field Theory 24 May, 2005 at 7:26
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2.3  Stability

In quantum theory, one also generally assumes that there is a state of lowest energy—the vacuum
state. Without this assumption the world would be unstable and under a perturbation it could
collapse. Thus a fundamental assumption of quantum theory is that one can add a constant to the
Hamiltonian to make it positive. One generally writes,

0<H, (2.16)

although in certain circumstances the absolute zero of energy can play a role.

2.4 Special Features of a Single Particle
Furthermore in special relativity, a particle of mass m satisfies the energy-momentum relation,
PP=H>-P’=m?. (2.17)

Equivalently, if we can write
. 1/2
H=(P+m?)"” (2.18)

so this H must be defined as the positive square root. Also m? > 0, so we can define the mass
operator M as the positive square root of P?,

1/2

M= (P = (1 - P?) (2.19)
The mass operator commutes with the entire representation U (A, a),
U(A,a)M = MU(A,a) . (2.20)

The spectrum of the mass operator M labels the hyperboloids in the spectrum of the representation
U(A,a), and the group maps each hyperboloid into itself. If H is the space of quantum-mechanical
states for a single particle of mass m, then we require that every vector in ‘H be an eigenvector of
the mass operator M with eigenvalue m,

Mf=mf. (2.21)

2.5 The Configuration Space Representation

One obtains further structure by assuming a particular representation of the wave functions f as
functions f(Z) on configuration space ¥ € R®. Here s = d — 1 denotes that we take an s-dimensional
time slice of M?. According to the picture above, the symmetries of quantum theory (including
Poincaré space-time symmetry) act on the Hilbert space of functions f defined on a time slice.

Introduction to Quantum Field Theory 24 May, 2005 at 7:26



2.5. THE CONFIGURATION SPACE REPRESENTATION 9

According to the description of symmetries in (2.4), the group & acts on state vectors in the
Schrodinger picture according to an anti-representation. If a symmetry g € & acts on R® by

T — gr, (2.22)
then the natural anti-representation is
(U(9)f) (%) = §(g7) , (2.23)
for which
(U(91)"U(g2)"F) (£) = (U(92)"f) (91 7) = 1(9217) = (U(g291)"f) (7) - (2.24)

In case & is also measure-preserving in H, then U(g) defined in this way is also unitary.

2.5.1 The Momentum and Energy Operators

Consider the spatial translation subgroup Tz = {1, (@,0)} of the Poincaré group, which acts on R*
by

T:r=7+ad. (2.25)
Then
(U(Tz)") (£) = £(Z + d) . (2.26)
But according to the rules of quantum theory, the group U(T%) is the same as the subgroup e—idP
in (2.14) generated by the momentum. Therefore,
(U(T5)*5) (&) = (eFF) (2) = (& + @) - (2.27)

Therefore one infers that the momentum operator Pin configuration space has the usual represen-
tation in quantum theory for wave functions defined on configuration-space,

P=—iV,|, (2.28)

where V, denotes the gradient. We conclude further that in this representation, the one-particle
Hamiltonian H defined in (2.18) has the form

1/2

H=(-V2+m?) (2.29)

Thus the solution to the Schrodinger equation
@) = (e7™f) (&),  with f*=F, (2.30)

introduced in (2.5), also satisfies the second-order wave equation called the Klein-Gordon equation.
Denoting the wave operator by

0-2 _v, (2.31)

Introduction to Quantum Field Theory 24 May, 2005 at 7:26



10 CHAPTER 2. LIFE OF A PARTICLE IN REAL TIME

the Klein-Gordon equation for mass m is the equation
(O+m?) (@) =0. (2.32)

Note that as the square root of a differential operator, this one-particle Hamiltonian operator
H is non-local. The solution (2.30) to the Klein-Gordon equation spreads instantaneously over all
all of space, R*. This fact can be illustrated by the (non-normalizable) configuration-space wave
initial value f = ¢ for the equation, which illustrates the basic point. One can compute the solution

F(@) = (e75) (@), with §°(Z) = 6(7) , (2.33)

in closed form. For example in case s = 3 and |Z| = r >t > 0, one finds

275%’ /moo Ce " sinh (t\/@ - m2> ac , (2.34)

f'(%) =
which is nonzero.

Exercise 2.5.1. Solutions to the Klein-Gordon wave equation propagate with finite speed. But {*(Z)
instantly spreads from its localization at the origin (at t = 0) to all space (for any t > 0), as for
s = 3 in (2.34). Does this fact not contradict the laws of special relativity that influence cannot
propagate faster than the speed of light?

There is an interesting scalar product defined on solutions to the Schrodinger equation, or on
positive energy solutions to the Klein-Gordon equation of the form (2.30). Consider

0 9,
<f> 2Hg> 2(Rs) — i <ft7 gt> - <ft7gt> : (235>
ne M [ra@sy N e

As a consequence of the Schrodinger equation, the right side of (2.35) equals (f*,2Hg") L2(Re)- Fur-
thermore the same equation shows that the this expression does not depend on t, as its time

derivative is
0? 0?
{ ft7gt> - <ftvgt> )
<< ot L2(Rs) ot? L2(Rs)

— <<ft,H29t>L2(RS) - <H2ff,gt>L2(Rs)> =0. (2.36)

0
ot <ft’ 2Hgt>L2(RS)

In the final step, we use the fact that H is self adjoint on L?(R®). Thus one can evaluate
<ft,2Hgt>L2(Rs) at t = 0, and as m < H, one infers that the expectation (f,2Hf) 2., defines
an inner product on solutions of the Schrodinger equation. (Note that the right side of (2.35) is
negative when §* = g' is a negative-energy solution to the Klein-Gordon equation.)
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2.6. THE MOMENTUM SPACE REPRESENTATION 11

2.6 The Momentum Space Representation

The momentum representation is defined by the Fourier transformation of the configuration space
representation. It has the feature that the momentum operator P acts as multiplication by a
coordinate p. Define the Fourier transform as

1 N —ipE 1
310 = | f@e 7z (2.37)

Sometimes it is less cumbersome to write?

f(p) = (5F) (p) - (2.38)

Clearly Fourier transformation § is a linear transformation, for if the Fourier transform of f and g
exist, then both F(f + g) = §f + g, and FAf = AFf for any A € C.

We also claim that § is a unitary transformation on the Hilbert space L?(R®), namely every
L?(R?) function has a Fourier transform and

' =8F=1. (2.39)

The outline of the argument is that Plancherel’s formula states that § preserves L?*(R®) inner
products,

(5.8) ey = D2y« forall fg € (R (2.40)

Furthermore the Fourier inversion theorem says that § is invertible, and hence it is unitary. Actually
the simplest way to show that § is unitary on L? is to exhibit an orthogonal basis of eigenfunctions
for §.3 The forumla for the inverse of § is the Fourier inversion formula

1

f(7) = (2n)

/]R H@)e™dp (2.41)
and an expression of its validity for all square-integrable functions.

The Fourier representation is called the momentum representation. In fact this is natural because
we saw in (2.28) that the quantum-mechanical momentum operator P the form P = —iV,. Thus
in the Fourier representation the momentum operator P acts as multiplication by the coordinate p.
In particular,

Pi(#) = —iV.J(7) = (27:)/2 [ rier . (2.42)

20ne must be careful with this notation in our context. One must guard against confusing?with our f, that we
introduce in a later chapter to denote something very different—the quantization of f.

3In fact, the Gaussian function Qg = 7—%/%exp (—52/2) is an eigenvector of § with eigenvalue 1. The Hermite
functions, given by products of polynomials in each coordinate times {2y complete an orthogonal basis of eigenfunc-
tions, and each has an eigenvalue of either +1 or +4. Thus the proof that § is unitary is equivalent to the proof that
the Hermite functions are a basis for L?. See Appendix Appendix ??, for a complete proof.
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12 CHAPTER 2. LIFE OF A PARTICLE IN REAL TIME

Write the self adjoint operators for each component of the momentum are multiplication by the
coordinate of p. or simply P= 7. In other words, for all f € H,

P§(p) = 7f(p) - (2.43)

Likewise, the Hamiltonian H acts in the momentum space representation as the operator H of
multiplication by the function w(p), defined as the positive square root

— (@) = (P+m?)"” . (2.44)
Hence
AW —itw(p) T DT 3=
(=) (2) = W/Rse f(p)e™ dp, (2.45)
or

( _athl ) (7) = it (P) ?(15') ' (2.46)

2.7 The Lorentz-Invariant Scalar Product

One can now arrive easily at the correct scalar product by considering the momentum representation
of the wave functions f. The wave functions ¥(]3) only depend on the spatial components of the
momenta p. Let us suppose that the Hilbert space norm can be defined by an integral over all
d components of p. Then one obtains a Lorentz-invariant measure on the mass-m hyperboloid
p? = p5 — p* = m? as follows: restrict the Lorentz-invariant Lebesgue measure dp = dpdpy to
the mass-m hyperboloid by multiplying it with the Lorentz invariant Dirac measure 6(p* — m?).
Furthermore, one wants positive energies, so also restrict the integral to the positive-py. Since the

wave functions do not depend on pgy, the py integral can be done separately, namely

[ 3w = mdpy = [ ((pa = () (pa + (7)) dpa = (2.47)

2w(p)

Thus we obtain a natural Lorentz-invariant scalar product by multiplying this density with @ﬁ(ﬁ)
and integrating over dp. Let

_ — dp
= —. 24
(385 = [, 1030 50 (2.48)
This defines a Hilbert space H of functions f() such that
~ 2 dp
— . 24
J @] 5 < o (2.49)

The operator of multiplication by (2w (ﬁ))*1 in Fourier space can also be expressed in configura-
tion space. It is given by the operator (2H) ™', with H the non-local (pseudo-differential) operator

Introduction to Quantum Field Theory 24 May, 2005 at 7:26
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(2.29). This is the special Hamiltonian for a single free particle of mass m, so we also denote the
one-particle Hamiltonian H by

H=w=(-V2+m?)"" (2.50)

By relating both spaces to L?*(R9~ ll one can write the configuration-space Hilbert space H in terms
of the momentum representation H. In particular, regard § as a map from H to H, and §* as the
backwards map from H to H. Then define H with the inner product

(f. 000 = (7.8). - (2.51)

Define the operator G = (2w) ™" on L?(R®) with integral kernel G(Z — 7). It is given by
- 1 1T ipE g I
(1) @) = oy [, 220 1) 7 dpi= [ GG~ i@y (2:52)
where G(Z — ¥) is the generalized function

1 1
—(2m)@=D/2 Jrs 20w(p)

T EDqp (2.53)

The Hilbert space of generalized functions with the inner product (2.51) occurs frequently in
analysis and is known as the Sobolev space H = $_;/2(R®). In summary,

(0 = (5.0)0_, ey = (1 (29)7 0) 0 = (5.G0) oy = (1.8) |- (2.54)

One can also write the scalar product (2.35) on solutions to the Schrédinger equation in the form

(. 0) ey = ¢ (', r8"),, — (&F%8%), )| (2.55)

The index —1/2 on the Sobolev space $)_1/2 means that the space includes not only all L?(R®)
functions, but also generalized functions which when acted on by w™'/? are square integrable.
Functions in H are said to include all functions that are one-half a derivative of an L*(R?) function.?

In Fourier space, the function w(fF)~*/2 decays as |p]~"/* for large |f], so the corresponding Fourier
transforms when multiplied by an inverse half power of |p] for large |p] are square integrable.

2.8 The Poincaré Group on H

It is now straightforward to write down the representation U(A,a) of the Poincaré group. Let us
start by finding the representation U (A, a) on the Hilbert space H in the momentum representation.

4One can define similar spaces §,(R?) by replacing the transformation w=! in the inner product by the transfor-
mation w™2P. In the case of positive p, the Sobolev space does not include all square integrable functions, only those
in the domain of w? as an operator on L2(IR?).
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14 CHAPTER 2. LIFE OF A PARTICLE IN REAL TIME

Although the wave function ¥(ﬁj depends on p € R?71, it is convenient to regard it as a function of

a Minkowski-space momentum variable p with d components, that lies on the hyperboloid p? = m?,

and with pg > 0. There is a unique correspondence between (d — 1)-vectors p’ and such d-vectors
= (P, w(p)). Define f(p) by N

f(p) = §(p) - (2.56)

With this notation, it is clear that
(U(1,0)) (p) = e ™77 §(p) = =17 f(p) . (2.57)

Since U (I, a) multiplies ?(p) by a phase, it acts on H as a unitary transformation.
Furthermore, the matrix A maps the mass-m hyperboloid into itself. So define the anti-
representation U(A,0)* in a fashion similar to the rule (2.23), giving

(T(A, 0)7F) (p) = F(Ap) - (2.58)
Then using the composition law U (A, a)* = U(A,0)*U(I,a)*, we find
(T(A,0)*F) (p) = e §(Ap) | (2.59)

Proposition 2.8.1. The transformation (2.59) defines the adjiont of a unitary representation
U(A a) of the Poincaré group on the one-particle momentum-space Hilbert space H. Under Fourier
transformation, it gives the unitary representation

UA a) =FUNa)F

on on the configuration-space Hilbert space 'H.

(2.60)

Proof. The transformation U(A, a)* satisfies the multiplication law for an anti=representation,
as this is true of both U(I,a) and U(A,0). Therefore we need only show that U (A, a)” is unitary.

We have already seen that Q (I,a)* is unitary, so we only need to verify that U(A,0)* is unitary.
We see this by expressing the H inner product in invariant form,

(00 T0M,05); = [ FAp)aAp) 6(p* —m?)dp
= [ {®aw e —m*dp = (F.5),;; (2.61)

Therefore U(A, 0)* is a unitary anti-representation on H, and U(A, a) is a unitary representation.

The statement about the representation on H follows from the fact that §*§ = I on H and
33 =1 on H. That 3*U (A, a)§ is a representation then follows from the fact that U (A,a) is a
representation. In order to show that the representation is unitary, it is sufficient to prove that it
preserves scalar products. The fundamental relation (2.51) shows that

(U(A, )f, U(A, a)g)y, = (TN, a)§f,T(A, 0)Fa) - = (TN, @)f, U(A, 0)a) - = (1.8). = (F.8)
(2.62)
Thus U(A,a) = FU(A, a)§ is unitary, and the proof is complete.
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Chapter 3

Life of a Particle at Imaginary Time

In Chapter 2 we described such a particle by a quantum-mechanical wave function (), with @ €
R4=!. These wave functions were chosen to lie in the one-particle Hilbert space H = $_; /Q(Rdfl),
namely the Sobolev space $)_i/; that contains all square integrable functions as well as vectors
which have finite norm in the inner product

(0 = (5. 0)o_, ey = (1 (20)7'8) g - (3.1)

with w = (=V? +m?)1/2 equal to the one-particle Hamiltonian. By using this description, rather
than the usual L? wave functions, we have an easy way to describe quantum theory in a Lorentz
covariant fashion, and we found a representation of the Poincaré group on H.

In this chapter we give a different perspective on the ordinary quantum theory of a single
spinless, positive msss-m particle on R?~'. Here we switch to Euclidian space-time R, where space
and time enjoy the same geometry—although we still distinguish a special time direction in order
to make a connection with ordinary quantum theory. Space-time points are vectors

r = (7,14 € R, with Euclidean length squared 2? = #* + 27 . (3.2)

The last coordinate x4, which is the imaginary time. It corresponds in many cases to the analytic
continuation from Minkowski space to purely imaginary times, z, = it.

Euclidean wave functions will be functions f(z) on Euclidean space-time, that are elements of
the Euclidean Hilbert space £. We choose £ so the inner product is naturally invariant under all
rotations and translations (Euclidean transformations) of RY. A straight-forward choice for the
space of wave functions might be L?(R?), with the inner product

oD = [, T @) g(a)da (33)

R4

However, this is not the space we use. Just as in the quantum theory of Chapter 2, the space of
Lebesgue square-integrable functions is not the natural choice for the Euclidean Hilbert space.

15



16 CHAPTER 3. LIFE OF A PARTICLE AT IMAGINARY TIME

Rather, we choose for £ the somewhat larger Sobolev space & = $_;(R?). Elements of this
space are generalized functions with inner product equal to

(£ 9)e = (F9)g ey = (f, (=2 +m*)g) (3.4)

L2(R4) ’
where A = 329, 9%/ is the Laplacian on R,

Life in FEuclidean space is different from life in Minkowski space, at least for non-zero time. So
before considering that issue, let us mention how one can identify the Euclidean picture with the
Minkowski picture on the time-zero hyperplane.

A very nice property of the Euclidean wave functions that we have chosen is that they have
a localization to a sharp time, and this is one reason for the choice & = $_;(R?). In fact, this
space includes sharp-time wave functions that have the spatial dependence f(Z) € H, namely the
one-particle wave functions introduced in Chapter 2. At time zero, these special wave functions
have the form

f(@,t) = §(2) (1) - (3.5)

We suppress the variables and write such a product wave-function f as f = f® 6.}
These functions are vectors in the Hilbert space £, namely

(f®6) € H_1(RY) , if f€9 1R, (3.6)

The inner product between two such special wave-functions localized at time zero is

(fd,g®@d0)e=(f,0) - (3.7)

This gives the real justification for our choice. It can be interpreted as a way to identify certain
Euclidean wave functions in & = §_;(R?) that behave exactly as the ordinary one-particle wave
functions H = $_1/2(R*!). These special Euclidean wave-functions are a subspace of £. We have
chosen the normalization of the inner product so that we obtain the elementary relation (3.7) for
this imbedding.

There are many other nice consequences of this relationship between £ and ‘H that one can see
by going away from x; = 0 to the Euclidean point (&, z4). This corresponds to a Minkowski point
(Z,it) that is analytically continued to imaginary time,

(Z,24) < (Z,it) . (3.8)

In order to illustrate this point, let us consider another elementary example. Consider the time
translation transformation T,(%,z4) — (%, 24 — s). This transformation acts on L*(RY) € £ as a
unitary group. It is defined on smooth functions g(z) € L*(R?) by

(Ts9) (Z,2a) = 9(Z,2a — 5) . (3.9)

'We do not explain the notation ® for “tensor product” here, but return at length to this topic in Chapter 4.
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The Laplacian A commutes with time translations, so Ty also acts as a unitary transformation on

&= ﬁ—l(Rd)a

T, =T,T" = 1. (3.10)
Denote the translated delta function by d4(t) = §(t — s), so one can write
Ti(g®6) =g ®0s . (3.11)

As Ty is unitary, one could carry out the calculation (3.7) at any time s; there is nothing special
about time zero. Hence one finds that for any s € R,

<f®6379®5s>5 = (f, 9>H . (3.12)

We conclude that the scalar product of sharp time vectors can only depend on the difference in the
time of their localizations.

If we consider two different times, the matrix elements of T, give the interesting relation that
generalizes (3.7). In §3.4 we show that for s > 0,

((©0),Tc(g®0))e = (F©,90 0,
(f.e>g)., - (3.13)

Here w is the single-particle energy operator introduced earlier. Furthermore, the inner product in
£ is invariant under time-reflection, so (3.13) is unchanged if we replace s by —s, so

<(f ® 5) 7Ts (g ® 6)>g = <](, €_|S|‘”g>H .

Observe that on the left one has the matrix elements of a unitary operator T acting on £. On
the right side, one obtains the corresponding matrix elements on H of the operator

R(s) = eIl | (3.15)

which is the self adjoint contraction that one obtains by analytically continuing the Schrodinger
group e~ ¥ to purely imaginary time s in the upper or lower complex half-plane, depending on
whether the time is positive or negative. On the other hand, the operator T itself does not have
an analytic continuation to complex s. But the equalities (3.13)—(3.14) show that certain matrix
elements of T, do have analytic continuations.

More generally, each unitary unitary Euclidean transformation (R9-rotation or space-time trans-
lation) acting on £ corresponds in a 1-1 fashion with the analytic continuation of a unitary rep-
resentation of the Poincaré transformations (Lorentz transformations and space-time translations)
acting on the space H.

In order to assure the analytic continuation of matrix elements of the Euclidean transformations
on &£, one must restrict consideration to a subspace of £. The functions that one studies belong to
the subspace of “positive time functions,” namely those what vanish for negative times, or _; (Ri)>
where the subscript designates the positive time half space.

A more general correspondence between the spaces ‘H and & arises from considering time re-
flection between positive-time and negative-time functions, and using the property of reflection
positivity, explained in §3.3. This general approach gives a relationship between the Euclidean and
real-time pictures which one can interpret as a procedure for quantization.

(3.14)
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18 CHAPTER 3. LIFE OF A PARTICLE AT IMAGINARY TIME

3.1 Wave Functions

The Schwartz space functions S(R?) in d-dimensions, is the linear vector space equipped with the
countable family of norms arising from the Hilbert-space inner products,

(Fr9)ne = (14227 (1 = APf, (14 2%)(1 = A)*g) (3.16)

L2(R4)

One takes all possible non-negative integer values for r, s, which one writes r,s € Z,. Here 2> =
23+ -+ 2 and A =0?/023 + -+ + 0?03
The Fourier transform operator § on L?(R?) has spectrum {1, £i}, and the eigenfunctions of
§ are the Hermite functions, namely Hermite polynomials times a Gaussian. These eigenfunctions
are elements of S(R?), so
FS(RY) = S(RY) . (3.17)

The proper Euclidean group {R,a} on R consists of rotation matrices R € SO(d) and space-
time translations a € R? We are also interested in reflections, especially the time-reflection
O: (Z,x4) — (¥, —x4) and the spatial reflection II: (7, x;) — (—Z,z4). The total reflection is given
by Ollx = —=x.

We represent each of these Euclidean transformations by a unitary transformation on L?(R9),
and we denote these unitaries by T'(R,y), ©, and II.

(T(R;y)f) (x) = f(R™'2 +y) and (©f) (z) = f(Or) . (3.18)

We also abbreviate T'(1,z) by T, and T(R,0) by T'(R).
For a subset @ C R? define the functions

S(0) =SRHNC>®(0), (3.19)

where C°°(0) denotes the space of smooth functions supported in O. Likewise, define L*(O). The
space S(O) is a dense subspace of L*(0). The decomposition

LA(RY) = L*(RY) @ L*(R%) (3.20)

plays a special role.

3.2 The Euclidean Laplacian and its Green’s Function

The most fundamental operator for the free particle in Euclidean space is the Laplacian, A on R¢,
d
A=) —. (3.21)

We reserve the symbol A for the Laplacian on RY and V? for the Laplacian on R¢~!. This is not a
perverse way to make things complicated, but simplifies notation when both appear. This Laplacian
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3.2. THE EUCLIDEAN LAPLACIAN AND ITS GREEN’S FUNCTION 19

is defined on all Euclidean space, without any boundary conditions. We take A to be a self-adjoint
operator on L?(RY).

One can consider the Green’s operator or resolvent C' = (—A + m2)_1. Here m > 0 is the mass,
a given constant. The operator C' acts on L?(R?Y), and the matrix elements C(z;y) of C' can be
defined as the kernel of an integral operator by the identity

(CH @) = [Cayp iy, for fe L R). (3.22)
One also calls C'(x;y) a Green’s function, because it satisfies the equation
(—As +m?) Clasy) = 0%z —y) . (3.23)
Here we use a subscript  on A to denote that it acts on the x variable. This notations
A C(z;y) = (AC) (23 y) (3.24)
are equivalent and mean the same thing. Likewise,
AyClz;y) = (CA) (z3y) - (3.25)

By translation invariance of the Laplacian, this Green’s function only depends on the Euclidean
difference of x and y, so

Clz;y) = Clz —y) = C(R(x —y)), (3.26)

for any R € O(d). One can also interpret C'(x—y) as the potential at x due to a unit test charge at y.
In particular, the orthogonal invariance of C'(x —y) ensures the reciprocity law C(z —y) = C(y —x).
Set r = |z — y|. For d=1, the Green’s function is continuous on the diagonal (r = 0) and one

easily computes

1 —mrnr
Clz—y) = e (3.27)

For d = 2 the singularity of the Green’s function for small r is logarithmic, and
1
C(zr —y) ~ 5 In(mr). as r — 0, (3.28)
T

On the other hand, in d = 2 the Green’s function decays for large r as

]' 1 —mr
C(x_y)ﬁw;e , as r— 00 . (329)

For d = 3, the Green’s function again has an elementary form; it equals the Yukawa potential both
at short and at long distances,

Clx—y)=-—e ™. (3.30)
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20 CHAPTER 3. LIFE OF A PARTICLE AT IMAGINARY TIME

In general, the Green’s function can be expressed in terms of Hankel functions. But the singularity
of C(x — y) for r — 0 is always given by the Coulomb potential. For d > 3,

1 1 d—2
C’(w—y):adrd—_Q, as r— 0, where ad:47rd/2f< 5 ) , (3.31)

while at long distances the exponential decay is modified by another power or r,
Clx—y) ~fi——7 e 1)/2 e™ as r— 00, where ; = 274D/ 2p=(d=1/2)(d=3)/2 (3 39)

Without knowing such details about the Green’s function, we have the important facts:

Proposition 3.2.1. Let m > 0 and r = |[x —y| > 0. Then 0 < C < m™2. Also C(x —y) is a
strictly positive, real-analytic function of x and y, which is also monotone decreasing in r.

Proof. The operator bounds follow from considering C' in Fourier space, where

(L) oy = <f, 1f> . (3.33)
L2(R4)

p2 + m2
Thus 1
0 < {f,Cf) pamay < <f P sy = 7z o D ey (3.34)
with (f, Cf) 2 (gay only vanishing for f = 0. Euchdean invariance of C'(x — y) shows that C(z — y)
is a function only of r for r = |z — y| > 0. Choose a rotation so that R(z — y) = (0,7), yielding

Write w = (p? + m2)1/2, and use p* + m? = (pg + iw) (pg — iw). Using the Cauchy residue formula
at the pole pg = iw(p), one obtains the representation

Clx—y) = e Pdy > 0. (3.36)

1 1
(2m)* ! / 2w(p)

This shows that C'(x — y) is monotone decreasing in r, and also real analytic in r for r > 0. This
yields real analyticity in x — y # 0.

3.3 Reflection Positivity

Define a form (-, -),, on L*(R%) x L*(R%) by the formula
(f:9)3, = ([,0CG) 12(gay - (3.37)

This form is conjugate linear in the first factor and linear in the second factor, which is called
sesquilinear. We use this form to define a new inner product space, namely the Hilbert space H;

of one-particle, quantum theory wave functions associated with the classical Euclidean space wave
functions L*(R%).

Introduction to Quantum Field Theory 24 May, 2005 at 7:26



3.3. REFLECTION POSITIVITY 21

Definition 3.3.1. The operator C on L*(R%) is said to be reflection positive with respect to ©
if the form (-, ), is positive semi-definite, restricted to the subspace L*(R%) C L*(R?). In other
words

0<(f.fly, =(£,0Cf),  forall feL*RT). (3.38)

Proposition 3.3.2. The operator C' is reflection positive.

Proof. To show 0 < (f, f);, for f € L*(R%), we evaluate this inner product. Set t = z4. The
Fourier transform of f in the ¢ direction is the boundary value of a function of the variable p,; that
has an analytic continuation throughout the upper half plane, and this continuation vanishes along
the semicircle of constant |py| in the complex pg-plane as |pg| — oo. In fact take p = {p,pq}, with
p={p1,...,pa-1}, so the Fourier transform of f € L?(R?) for z = {Z,t} is

BN = o | ([, S em=taz) (3.39)

Then the analytic continuation to pg = iF, with £ > 0 is

(&) (0.1E) = (27:)(1/2 /OOO (/Rdl flx) eiﬁ'fEtd:E> dt . (3.40)

Likewise the complex conjugate of the Fourier transform of the time-reflected function is

3 ©0) ) = F©) Fpa) = (2;)/ 7L, F@emeaz)ar. @4y

As a function of pg, this also has an analytic continuation into the upper half plane. Continuing to
pa = iE with E > 0, one sees from the representations (3.40)—(3.41) that

BONGE) = s | ([, T e az)
= (§f) iE). (3.42)

One can complete the dp,; integral along a semicircle in the upper half plane at infinity and use
the Cauchy residue formula to evaluate the pg-integral at the pole p; = iE = iw(p) to give

(b = [GOMG) G @)y

. 1 .

— [(JGOIG 690)— o—y)
1

- = [13) (B D) 5 2 0. (3.43)

Hence the form (-, -),, is positive semi-definite as claimed.

Exercise 3.3.1. Show that 0 < C(x — y) is also a consequence of Proposition 3.3.2.
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22 CHAPTER 3. LIFE OF A PARTICLE AT IMAGINARY TIME

3.4 Osterwalder-Schrader Quantization

We started from one-particle quantum theory in §77. Our one-particle Hilbert space was the Sobolev
space Fi = $)_1,2(R%") with the inner product (??). In this section we construct construct a Hilbert
space ‘Hy arising from the reflection-positive inner product (-,-),, on L*(R%) defined in (3.37). We
see shortly in Proposition 3.4.4 that these two constructions are two different ways of looking at
the same thing, and
Hy=F1. (3.44)
This is the simplest case of what we call OS-quantization. It provides a method to give a
quantum-mechanical Hilbert space, as well as natural operators acting on this space. We continue
here to analyze one particle states, and operators that act on such states.

Definition 3.4.1. The null space N C L*(R%) of the form (-,-),, are those f € L*(R%) for which
{(f: fr, =0

The null space N is a linear vector space. In fact, we claim that N is exactly the vector space
of those f € L*(R%) such that (f,g),, = 0 for all g € L*(R%). In fact, given (f, g),, = 0 for all
g € L*(R%), one can choose g = f, and in this case (f, [y, = 0 ensures f € N. Conversely, if

(f, Fhy, = 0 and g € LARL), then [(f, 9)s, | < (. )y {9, 9)307 = 0.

Definition 3.4.2. The Hilbert space Hy is the completion of the equivalence classes f € LQ(Ri)/J\f
of the form

f={f+g:fe’R]), geN}, (3.45)
It has the inner product (3.37),

(£.9),, = 1,6C9) aga = 7 [ G G (@) (39) (7. iw(ﬁ))w(lﬁ)dﬁ- (3.46)

Remark 1. It should not cause confusion that we use the notation (-,-),, in two senses:

(f, 9)p, = ([,0C9) 2gay o1 L*(RY) x L*(RY) and <f,§>H on Hy x Hy . (3.47)

1

Exercise 3.4.1. Check the following three properties (-, +);,, -
i. Ford>1 the subspace N'C L*(R%) is infinite dimensional.

1. For d > 2 the space H; is infinite dimensional.

iti. In case d = 1, verify that

(f:9)3, = — (&) (im) (Sg) (im) . (3.48)

This inner product has a limit for non-square integrable functions of the form f = const. §.
In this limat

™
m

(6,80 = —— . (3.49)

2m
What is the dimension of Hy in this case?
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3.4. OSTERWALDER-SCHRADER QUANTIZATION 23

3.4.1 The Sobolev Space $H_1(0)
Define the Sobolev space $_; (O; Rd), for O C R?, as the space of generalized functions
H1(0)=9H_ ((’);]Rd) = {f:CY*f € L*(RY) , and support f C O} . (3.50)

This space is a Hilbert space with the inner product that can be expressed in terms of the functions
f or their Fourier transforms f = §f in several equivalent ways:

ssio) = (C1.C0)
= (f.Cy) LZ(Rd - /WC)C@—y)g(y) dady

= /f 2+m2 9(p)dp . (3.51)

Proposition 3.4.3. The quantization map A : LQ(Ri) — Hy of §3.4 extends uniquely to a contrac-
tion
A9 (RY) — H,y (3.52)

Proof. The map A an elementary identity,

for all f € L*(RY). (3.53)

=17 1wy

This is a consequence of the definition (3.37), the unitarity of © on L?*(R?), along with [©,C] = 0.
This means that the map A extends by continuity, and therefore uniquely, from LQ(Ri) to the larger
space $_1(R%), of which L*(R%) C $H_1(R%) is dense. The range of this extended map (that we
also denote by ) is in the space H;. The extension is a contraction by virtue of the identity (3.53).

Part (iii) of Exercise 3.4.1 gives a special case of this extension for d = 1. In arbitrary dimension
d, we claim that

H-1(RE) D H-1pRTH @4, (3.54)

as [ =f® 4, with f € §_1/2(R*). In terms of coordinates these are functions of the form
f(Z,2q) = (§@6) (T, 24) = §(Z)d(2q) , with w'/?f € L*(R®) . (3.55)

For such a function,

. 1
f(ﬁ)\QW @

<f®57f®5>f),1<m>

j’ 2w( ﬁ’)
(5 Ps_,pm@ar) (3.56)

where we use the Cauchy residue formula to evaluate the p, integral. This justifies (3.54).
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24 CHAPTER 3. LIFE OF A PARTICLE AT IMAGINARY TIME

3.4.2 Why “Quantization”?

We now identify the map A that we have been calling a “quantization map,” as the map from
$H_1(R%) to Fy. This justifies calling the map by this name.

Proposition 3.4.4 (Identification of Quantization). After extension by continuity, the Hilbert
space of one-particle quantum theory in §77, and the Hilbert space of one-particle quantum theory
in Proposition 3.4.3 are the same. In particular

Hi=F1, which one can write (ﬁ_l(Ri))A =9 1R (3.57)

Proof. By definition F; = $_; /Q(Rd‘l). After extension H; = (ﬁ_l(Ri))A, which coincides with
the definition of H; as the completion of the pre-Hilbert space L*(R%)/N. The inner product (3.46)
on L?(R%) shows that

(L2RD)" € (9-1(RY)" € H_1p(RTT) . (3.58)

On the other hand, the computation (3.56) shows that every function in $_;,(R*") is obtained
by the quantization of §_;,,(R*1),

H_1p(®RY) € (H20(RD)" (3.59)

Therefore $_15(R41) = (ﬁ_l(Ri))A which completes the proof.

3.4.3 Quantization of Operators

Denote the quantization map for the Green’s operator C' that takes classical functions f € LQ(Ri)

to quantum state vectors f € H;y by,
Afe f (3.60)

This map extends naturally to give a quantization map on certain linear operators T on L?(R?).
We begin with operators that satisfy the following

Assumptions The bounded transformation 7' defined on L?(RY) is such that:
1. The transformation 7" maps L*(R%) into L*(R%).
2. The transformation 7' maps N into N, where N is given by Definition 3.4.1.
Definition 3.4.5. Define the quantization T of a transformation T satisfying the assumptions above
b
! Tf=TF. (3.61)
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Alternatively one says the following diagram commutes:

L*(RY) "~ L2(RY) . (3.62)

Al iA
H1|—>H1

Exercise 3.4.2. Show that if TN ¢ N, this procedure does not give a well-defined operator T.

Exercise 3.4.3. Suppose that Ty, Ty both transform L*(R%) into L*(RZ), both transform N into
N. Then is it necessarily the case that T)Ty = Ty ? If in addition TV T, = T5T, is Ty =TyT, ?

Proposition 3.4.6 (A Quantizability Condition). Let T be a bounded transformation on
L*(RY). Suppose that

e Both T and ©T*O map L*(R%) to L*(RY), and
e CT=1TC.
Then T satisfies the Assumptions 1-2 above, and the quantization T of T' exists.

Proof. For f € N and arbitrary g € L*(R%), consider

(9. sy = (09,CTF) sy = (09, TCF) iy = (T09,CF) gy
~ (O(O7°0) 9. CF) sy = (OT"O) g. )y, - (3.63)

Here we use the commutativity of T’ with C' and also the fact that ©7*© acts on L*(R%). Applying
the Schwarz inequality on H;, we infer

(9 Tf)y,| < 1OT*O) gllyy, [ lly, =0 (3.64)

Thus T'f € N as desired.

Proposition 3.4.7 (Multiple Reflection Bound). Let T satisfy the hypotheses of Proposi-
tion 3.4.6. Then the norm of the quantization of T is bounded by the original norm,

171, < 1T zgeey (3.65)

Proof. For any f € L*(R%). Setting g = T'f in (3.63), we have

2
Ha

A A

rf

= ((OT"©)Tf, [y,
< [O®T©)Tfllyy, Iflly, = I(OT*O) T [,

fHHl . (3.66)

Set S = (O©T*©)T. Then S maps L*(R%) into L?(R?) and also ©5*© = S. Furthermore, the
self-adjointness of C' and the fact that CT = T'C ensures C'S = SC. We therefore have checked
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that the hypotheses on T also apply to S, so one can iterate the above bound. After n steps, we

obtain
21 (127"

Al 2n—1
|77, <Is* L, 10, (3.67)
We bound HSzn_l " using the fact that for any f € L?(R%),
1713 = (OF.CF) ey = (C2OL,CY2F) 0 = (OCVPLCYES) e (3.68)
As © is unitary on L*(R?), we infer that
1, < €21y - (3.69)
Hence
2n—1 1/2 g2n—t 2n=1 ~1/2
HS < HC 25 S L2(Rd) HS Cf L2(Rd)
S ||7j||L2 R‘i ’01/2 LQ(Rd) : (370)
Inserting this bound into (3.67) gives
~1=2-"
77,0, < 1Ty |€72 1, 1] (3.71)
Taking the lim sup,, as n — oo, we obtain
|77, < 1Tl | F],, - (3.72)

as claimed.

3.4.4 Some Examples of Quantized Operators

Quantization of Space-Time Translations As an elementary example, we quantize a subset
of the space-time translation group 77, namely the entire group of spatial translation and the semi-
group of time translations by positive time. We find that the quantized time-translation is no longer
unitary; it is self-adjoint. Its infinitesimal generator is equal to —w, the relativistic energy operator,
and a non-local operator on the one-particle space. The infinitesimal generator of space translations
is the usual local, self-adjoint momentum operator —:V.

Proposition 3.4.8. Let T; denote time translation for positive times t > 0, and let Tz denote
translation in the spatial direction. Then these maps have quantizations and

T,=T =e*, and Ty = Ti™ ' = &P (3.73)
where w = (p* + mz)l/2 is the one-particle Hamiltonian, and where p = —iV is the standard mo-

mentum operator on the one-particle space Hy. Also

L7l <h. (3.74)
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Proof. First we check that the space-time translation operators which we wish to quantize satisfy
the quantization condition of Proposition 3.4.6. Each operator T} is unitary, Clearly the chosen
operators T, map L*(RY) into L*(R}). Furthermore, OT(;,© = T(_zy, so this operator also
maps L*(R%) into L*(R%). Finally, note that A is translation-invariant. Therefore C' is translation-
invariant, which means that it commutes with 7. Hence the hypotheses are satisfied and the T}, with
positive times have quantizations. Furthermore, Proposition 3.4.7 ensures that the quantization of
each T, considered must be a contraction on H;.
In order to evaluate the operator Tt, one extends the proof of Proposition 3.3.2 by using

1 e
(3Ti9) (i) = - /0 ( /R gla) ezp-xdj’) ot gy (3.75)

Then

<f7 j—;fg>7_(l = <f> @E9>L2(Rd)

e_tw(m

— 7 [N EwE) G9) @ iw@) =

w(p)
= <f’ e_twg> (376)

Hi

Clearly T,=e ™ =¢thiga self-adjoint, contraction semi-group.

Likewise, the spatial translation operator Tz on LQ(R‘i) maps N into N. Its quantization Ty
on H; is the unitary generated by the infinitesimal operator p'= —iV, and in Fourier space it acts
as €@?. The relation (3.74) follows also from simultaneous diagonalization of these operators in
Fourier space.

Exercise 3.4.4. Can one redefine C in a way that is reflection positive, but such that the quantiza-
tion of time translation is e ™", with h given by the non-relativistic Hamiltonian h = ﬁﬁz mn place

of the Hamiltonian h = w?

Quantization of Purely-Spatial Rotations The group of SO(d) matrices that determine Eu-
clidean rotations has d(d — 1)/2 real parameters, corresponding to the one-parameter groups R;;(6)
of rotations by the angle § about an axis orthogonal to the z;z;-plane in R?, where 1 <i < j < d.

In case of purely-spatial rotations, i < j < d. There are (d — 1)(d — 2)/2 such planes, and the
action of each such rotation has the form

R’LJ(0> (f, $d> — (sz(e)f, Id) s (377)
leaving the time coordinate fixed. Thus T'(R;;(6)) acts as a unitary on all of L*(R%), mapping
LQ(Ri) to itself. Just as for the analysis of the spatial translations Tz in Proposition 3.4.8, one can

quantize T'(R;;(0)) to obtain a unitary transformation (T'(R;;(#)))" acting on H;.
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What about Coordinates? The coordinates z; for 1 < j < d are natural candidates for quan-
tization. Clearly multiplying a function f by a bounded function of the coordinate does not change
the support of f. So such a multiplication operator maps L*(R%) to L*(R%).

One might guess that at least the quantization of the spatial coordinates gives canonical vari-
ables in our one particle theory. However this expectation is incorrect. In the case of the inner
product (3.37), we cannot quantize the coordinates! The answer to this apparent mystery is that
multiplication by a coordinate does not leave the null space N invariant. On reconsideration, one
might expect this; for the commutator [z;,C] # 0, and therefore one cannot use the criteria of
Proposition 3.4.6. Nevertheless, in later chapters we do recover the ordinary canonical coordinates
of quantum theory from the properties of the Green’s operator C'. It was only an illusion that we
might be able to do it now. Nevertheless, our extended study of this example gives us many insights
that we use throughout our study of quantum fields.

Exercise 3.4.5. Find a specific counterexample to the possibility to quantize x; with the inner
product (3.37) on L*(R%). Namely find a function f € N such that x;f does not lie in N'. (For
simplicity, here we deal directly with the coordinate, rather than with a bounded function of the
coordinate. In the next section we justify the treatment of unbounded operators.)

3.4.5 Unbounded Operators on H;

We also want to quantize some operators 7' which only map a subspace of L?*(R%) to L?*(R%).
This situation might arise if 7" is an unbounded operator on L?*(R¢), and therefore cannot be
defined everywhere. Alternatively, the operator 7' may be bounded on LQ(Ri), but may only map a
subspace of L?(R%) into L?(R%). In either case, we might expect to find an unbounded quantization

T acting on H;. Let D(T') denote the domain of T', let D(T"); = D(T) N L*(R%). For the purpose
of quantization, we restrict T' to a subdomain ®(T")g C D(T');. Let Np = D(T)o NN.

Domain Assumptions We require certain conditions:
1. The operator T is densely defined on L?(R%).

2. There is a subdomain ©(T"), C D(T) N L*(R%) whose quantization ia a domain for T: namely

—_—

D(T), is dense in H;.
3. T preserves positive times on the subdomain: 79 (T), C L*(R%).
4. T preserves the null space of the quantization: TNy C N.

In case the three assumptions above hold, the quantization of an unbounded operator proceeds

as in Definition 3.4.5, but with the domain ®(7") of T' equal to 33/(?)0. There is also an analog of
Proposition 3.4.6 giving a condition that ensures the domain assumptions above.

Proposition 3.4.9 (A Quantizability Condition in the Unbounded Case). Suppose that
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o The operators T and T+ = ©T*O have a common dense domain ® C L?(R?).

o There is a common subdomain Dy C D N L*(R%) whose quantization Dy is dense in H;.
e Both T and T map Dy into L*(R%).

e CT=TC.

Then T satisfies the Assumptions 1—4 above, and the quantization T of T' exists.
Exercise 3.4.6. Show that we can quantize the differentiation operators a%j on L2(Ri) yielding

—

9 for1<j<d. In each case:

1. Verify the domain assumptions above.

1. Identify each of the the operators on Hy in how they act on quantum mechanical wave func-
tions.

3.4.6 Quantization Domains

Definition 3.4.10. A quantization domain ® is a subspace of LZ(Ri) whose quantization D s
dense in H;.

Proposition 3.4.11. (Euclidean Reeh-Schlieder Property) For any open subset O C R‘i, the
set ® = C°(0) is a quantization domain.

Proof. We show that any vector in H; perpendicular to D is zero. This is equivalent to showing
that any vector f € LQ(]RSlF) perpendicular to ® in the inner product given by (3.37) is an element
of NV.

Suppose that f € L?*(R%) with f L ©. For z # 0, we saw in Proposition 3.2.1 that C(z) is
real-analytic. Let g converge to a Dirac measure localized at z € A C Ri, and consider the limiting
function

F(z) = (f,0z)3, = (0, Cbs) 2(gay - (3.78)

Asz e Ri, and Of is supported in the negative-time space R?, the function F(x) is real-analytic
throughout = € R%. The hypotheses ensure that

/F(x)g(x)dx =0, (3.79)

for all g € L*(O). It follows that F(z) = 0 for € O. Since F(z) is real analytic for € R%, we
conclude that F(z) =0 for all z € R%. As a consequence, for all g € L?(R%),

/F(w)g(x)d:c = (f,9)3, =0. (3.80)

In other words, f € N. Therefore, D(O) is dense in H; as claimed.
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3.4.7 Quantization of Space-Time Rotations

The d — 1 space-time planes in R? have the form z;z4, with 1 < j < d — 1. The corresponding
rotations T'(R;4(f)) in each of these planes do not leave R% invariant. However, for each open subset
O € RY, there is an angle 6,(O) > 0 such that all rotations by angles 6 for which |8] < 6,(O) leave
O inside Ri. For these operators, one could quantize them on a domain L?(Q), with appropriate
OeRe.

An alternative approach is to quantize the infinitesimal generators of these transformations.
These generators can be treated as unbounded transformations with domain ® = C*°(R?) that also
leave the subdomain Dy = C*°(R%) invariant.

. 0 0
J

Even though this generator is a linear function of the coordinates, which do not have quantizations,
the combination generating a rotation does have a quantization. The key fact is that C' is invariant

under all Euclidean rotations, so M;4 commutes with C', and anti-commutes with ©. Thus we can
take the domain of Mj, to be ® = Cg°(R?) and the domain Dy = C*(R%). Both

M;q , and OM;,© = —Mjq (3.82)
map Dy into Dy. Thus M;4 has a quantization.

Exercise 3.4.7. Compute ]\/J\jd. Show that this quantization is identical to the generator M; found
in Exercise 7?7, as one might expect!

3.5 Poincaré Symmetry from Euclidean Symmetry

In the various sections above, we have studied the Euclidean group { R, a} of rotations and transla-
tions on R?. We have quantized its action T(R, a) as a unitary group on L*(R%). The quantization
of rotation and translations in the spatial coordinates R%~! are unitary operators on H; = F;. On
the other hand the quantizations involving space-time rotations or time translation are self adjoint.
We recover a unitary group by analytically continuing the time evolution semigroup e~ on H; to
the unitary time-translation group e’ of a particle on F;. Likewise, we analytically continue the
self-adjoint quantization e’*s¢ to the unitary Lorentz boost operator e®®i¢. In this way a unitary
representation of the Poincaré group arises as the analytic continuation on H; of the quantization
of the unitary representation of the Euclidean group on L?(R?).

3.6 Properties of Matrices and Operators

In this section we review a few properties, mainly associated with inequalities, for linear trans-
formations acting on a Hilbert space. The statement a < b has an elementary meaning for real
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numbers. However the corresponding statement for hermitian matrices has several different possible
interpretations, and we emphasize that in general monotonicity is a tricky business. One must be
very careful about what one means, for monotonic relations of matrices contain many unexpected
twists.

In many cases, the central issue arises in the finite-dimensional case and can be illustrated
by matrices. Often, similar relations hold for linear transformations on an infinite dimensional
Hilbert space, and in many cases these relations follow from finite-dimensional approximation to
the relations in infinite dimension. This is a huge subject that not only enters the theory of quantum
fields, but related questions occur in partial differential equations, in probability theory, in statistical
physics, in information theory, and in the theory of quantum computing. In many cases one wishes
to compare notions of entropy or information content. Because of this tremendous diversity, we
restrict attention here to questions related to those that arise in this chapter, and also in later
chapters.

3.6.1 Operator Monotonicity

Let us begin by stating three possible meanings that two n x n self-adjoint matrices A and B satisfy
A < B. Each of these notions of monotonicity is useful. However, the three meanings are quite
different!

1. (Monotonicity of Expectations) Expectations are monotonic in the sense that

(f,Af) <{f,Bf) , orequivalently 0 < (f,(B—A)f) , forall fe™H. (3.83)

2. (Spectral Monotonicity) The ordered eigenvalues A\j(A) < Ag(A) < --- satisfy

Ai(A) < \i(B), for each i . (3.84)

3. (Pointwise Monotonicity) In a particular basis, every matrix element satisfies

Aij < Bij . (3.85)

If the Hilbert space is finite dimensional, or in case the operators A, B are compact, then the
minimax principle shows that Monotonicity of Expectations ensures Spectral Monotonicity.
However, the converse of this statement is not true, even for positive matrices! Were it true, any
monotone increasing function h(s) would satisfy h(A) < h(B), but this is not necessarily the case.
This fact lies in territory where one can easily jump to an incorrect conclusion. In fact, the following
exercise shows that one can find a 2-dimensional counterexample to this statement. It is instructive
to keep this fact in mind.

Exercise 3.6.1. Find an example of 2 x 2 self-adjoint matrices A, B for which 0 < A < B, but for
which A?> £ B?, and also for which ¢’ £ €"® for any r > 0.
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01 e 1+e
The third meaning of monotonicity Pointwise Comparison stands aside from the other two
meanings in the following sense: it is a basis-dependent notion, while the other two meanings are
basis-independent. Furthermore, Pointwise Comparison does not entail Monotonicity of Expecta-
tions. This is clear from the 2 x 2 matrix
01
o= (1 0) , (3.86)

which has eigenvalues 1. The matrix elements are positive 0 < 0;;, but 0 £ o.

Pointwise Comparison also has merit. For example, the famous theorem of Perron and Frobenius
states: if 0 < A;;, then there a positive eigenvalue App strictly larger than than the magnitude of
any other eigenvalue. The eigenvalue \ppr has multiplicity one, and the corresponding eigenvector
fi can be chosen so 0 < f;. One can use this result to establish uniqueness of the ground states of
certain quantum theory Hamiltonians.

For bounded operators on L?(R?) one can replace the matrix elements A;; by the kernel A(z;y)
of A considered as an integral operator. Thus statements such as 0 < C(z;y) in the preceding
section state that C' is positive in this third sense.

In this work we adapt the following:

Hint. Consider A = (O O) and B = <€ € ) for certain 0 < € close to zero.

Definition 3.6.1. Let A, B be bounded, self-adjoint transformations acting on a Hilbert space H.
Then the statement that A, B are monotonically related A < B (without further qualification) means
that monotonicity of expectations (3.83) holds.

If A, B are unbounded, self adjoint transformations on H with domains D(A) and D(B) respec-
tively, then A < B means that D(B) C D(A) and (3.83) hold for all f € D(B).

3.6.2 Two Monotonicity Preserving Functions

In spite of the caution above and the explicit counter-examples of Exercise 3.6.1, there are certain
monotonicity preserving functions h for matrices! In other words,

it A<B, then h(A) < h(B) . (3.87)

While these functions are convex, that property is not sufficient. Two important examples of such
monotonicity preserving functions are: h(t) = —t~! (yielding the “monotonicity reversing” property
of the inverse), and h(t) = t%, for 0 < a < 1.

Proposition 3.6.2. If the spectrum of A is strictly positive, then we have the “monotonicity-
reversing” inequality
Bl'<A™!, (3.88)

and also

Ao = /OO AC(ALA) AN, forD<a<l1. (3.89)
0
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Remark. A useful particular case of this identity in case 0 < H is
1 00
(H+ 1)V = f/ AV (H 4+ T+ M) d) . (3.90)
T Jo

Proof. In case either A or B is the identity, the monotonicity-reversing inequality is an imme-
diate consequence of the spectral representation theorem for the other operator. A self-adjoint
transformation with spectrum on the interval (0,1] has an inverse with spectrum on the interval
[1,00). Our assumption (suppressing €) can be formulated as saying the self-adjoint transformation
B~Y2AB~Y? < I. Thus monotonicity reversing in the special case yields I < BY/?2A~'B'/2. This
can also be written B~! < A~!, so monotone reversing holds in the general case as stated.

Write the spectral resolution of the self-adjoint operator A=! as

AT = /:O CUE(C) | (3.91)

where dF(() is the spectral measure. The function (~¢ is an analytic function of ¢ in the complex
plane with the exception of a cut, that we place along the negative real axis. Then Cauchy’s integral
formula allows one to evaluate (* for ( > 0 as an integral along the cut, yielding

. sin(ma) /000 A (C+A) LA (3.92)

™

Here sin(ma) comes from the change in the phase of A~ across the cut. Integrating (3.92) with the
spectral measure dE((), we obtain (3.89), completing the proof of the lemma.

Proposition 3.6.3. Let A, B be self-adjoint operators satisfying 0 < A < B. Then
AY < B* | forall 0 <a<1. (3.93)

Proof. It is no loss of generality to assume 0 < o < 1, as the case a = 1 is given, and the case
a = 0 is trivial. If A is not strictly positive, replace A by A(e) = A + ¢, and B(e) = B + ¢, with
0 < e. We begin by proving (3.93) for the modified operators.

Using Proposition 3.6.2 for 0 < a < 1, one can write

sin(ma)

A o= /OOO A (A4 AN = (B AI) ) dA>0. (3.94)

™

Here we use sin(ma) > 0, and we also use monotonicity reversing applied to A+ X\ and B + A, with
A > 0. Alternatively write (3.94) as B~ < A~®. Applying monotonicity reversing once more to
the inverse of this inequality, we infer A < B* as desired. We can rewrite this monotonicity in
terms of the spectral resolutions of A(e) and B(e), from which the € — 0 limit of the monotonicity
follows. This completes the proof.
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3.6.3 The Perron-Frobenius Theorem

Let 0 < A be a positive self-adjoint transformation. Assume in addition that in some orthonormal
basis {e;}, A also is pointwise strictly-positive, namely

0< Aij = <€i7A€j> . (395)

One says that a vector f is pointwise-positive in this basis {e;}, if 0 < f; for each i. Likewise f
is strictly pointwise-positive if 0 < f; for each i. In case the transformation A is pointwise strictly-
positive, then applied to any pointwise-positive vector f, one gets a pointwise strictly-positive vector
Af. One also says that A is positivity-increasing.

Analogously, we also consider the case in which H is an L%-space of functions f(z) and 0 < A
acts as a bounded integral operator with kernel A(x;y), namely

(Af) (@) = [ Alwsy)f(w)dy (3.96)

One says that A is pointwise strictly-positive if 0 < A(z;y) almost everywhere. We say that a
vector f is positive if 0 < f(x) almost everywhere, and that f is strictly positive if 0 < f(z) almost
everywhere.

If A is a positive, finite-dimensional matrix, then it is always the case that A = ||A| is an
eigenvalue of A. In the case that A acts on an infinite-dimensional Hilbert space H, we need to
assume that A = ||A|| is an eigenvalue. (The transformation A may also have continuous spectrum.)

Proposition 3.6.4 (Perron-Frobenius Theorem). Assume that A is a positive, bounded trans-
formation on H, and that in a particular basis A is pointwise strictly-positive. Assume also that
A = ||A]| be an eigenvalue of A. Then X is a simple eigenvalue and the corresponding normalized
eirgenvector f can be chosen to be pointwise strictly-positive.

Proof. Assume that f is an eigenvector of A corresponding to eigenvalue \. In the basis for which
A is pointwise strictly-positive, the eigenvalue equation becomes

S Aufi =M. or [ Awy)f(n)dy=Af(). (3.97)

Thus it is no loss of generality to take f to be pointwise-real. (One says that f is pointwise-real, if
all the f; are real, or if f(x) is real for all z.) For if f is pointwise imaginary, we replace f by if.
Write

f=fe—fo.  and |fl=f+ [ (3.98)

where fi are pointwise-positive. Then

<f7Af> = <f+>Af+> + <f*7Af*> - <f+7Af*> - <f*7Af+>
NI ) = M fa) AU ) | (3.99)
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But also 0 < (fy, Af-),(f-, Af+), so

/\<f7f> = <f7Af> = <f+7Af+> + <f—7Af—> - <f+7Af—> - <f—7Af+>

< (fmAf) (A + (Fe A2 + (- AF) = (L AL
< A[fLIAID = AfL D
= M, f) . (3.100)
It then follows that
(Fis Af-) = (J- Af) =0 (3.101)

But A is positivity-increasing, so if f, # 0 then Af, is pointwise strictly-positive; and in that case
f- = 0. On the other hand, if f_ # 0, then replace f by —f. In either case, we now have f
pointwise-positive. But A # 0 ensures A # 0, so

f=X1Af. (3.102)

Therefore as A is positivity increasing, we infer that f is pointwise strictly-positive.

3.7 Reflection Positivity Revisited

In this section we approach reflection positivity from the point of view of boundary conditions on the
Laplacian A on R?. In particular, imposing Dirichlet or Neumann boundary conditions on surfaces
in R? leads to an alternative approach to understanding reflection positivity, and to a larger set of
Green’s functions that define reflection positive inner products.

3.7.1 Mirror Charges and Classical Green’s Functions

One is also interested in self-adjoint Laplacians on R? that have boundary conditions on certain
surfaces in R?. Such operators are not translation invariant, by virtue of the surfaces on which one
imposes boundary conditions, so they are certainly not Euclidean invariant. However, they play
an important role. The simplest example is a Laplacian with Dirichlet and Neumann boundary
conditions the surface time-zero surface x; = 0. In the case of this elementary geometry, one can
give a formula for the Dirichlet or Neumann Green’s function based by the reflection principle.

The Dirichlet Green’s function Cp(z;y) = (—Ap +m?) ™" (x;y) arises from imposing the Dirich-
let boundary condition on functions in the domain of Ap. This Green’s function is no longer trans-
lation invariant (the boundary conditions are not translation invariant), so Cp(z;y) depends on
both = + y as well as on x —y. However, the Green’s function still can be interpreted as a potential
function, so it obeys the reciprocity condition Cp(z;y) = Cp(y; x).

In particular functions in the domain of Ap vanish on the time-zero plane, f(#,0) = 0. Since
the range of Cp is the domain of Ap, this means that Cp(z;y) = 0 whenever z; = 0, and by
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reciprocity Cp(z;y) = 0 also if y; = 0. The Dirichlet boundary condition decouples the two sides
of the time-zero plane, so one wants

oy JCOp(zy),  if zaya >0
Cp(z;y) = {O ’ if gy <0 (3.103)
Placing a mirror charge of opposite sign at the reflected point in the x4y = 0 plane, one arrives at

the formula
Clr—y)—Cx—0y), if 259, >0

Cp(z;y) = {O ’ if gy <0 (3.104)

Since z and Oy lie on opposite sides of the time-zero plane, the Green’s function C'(x — ©y) satisfies
the homogeneous equation (—A, +m?) C(x —Oy) = 0. One can add a solution of the homogeneous
equation to the Green’s function C'(x — y) to obtain a Green’s function Cp(z;y) satisfying different
boundary conditions. The solution (3.104) satisfies the Green’s function equation and also gives
the Dirichlet boundary condition. So Cp(z;y) satisfies the Green’s function equation away from
the boundary of the domain, and it vanishes on the boundary: the time-zero plane and at infinity.

Exercise 3.7.1. Show that 0 < Cp(x;y). Hint: Use Proposition 3.2.1 and show that if x and y lie
on opposite sides of the time-zero plane, then |x —y| < |v — Oy|. Note that the lengths are equal
when x ory lies in the time zero plane.

Similarly, one can give the Neumann Green’s function Cy. This arises from the Neumann
Laplacian, satisfying the boundary condition of vanishing normal derivative to the time-zero plane.
An argument similar to that above shows that 0 < Cy and the Neumann Green’s function arises
by placing a source mirror charge of the same sign at the time-reflected point,

Clx—y)+Cx—0y), if x4y >0

0 , if Taya < 0 (3105>

Cn(zyy) = {

Exercise 3.7.2. Verify that (3.105) satisfies Cy(z;y) = Cn(y; ). Furthermore, show that (3.105)
gives the usual Neumann boundary conditions: the normal component of the gradient VzCn(x;y)
vanishes at xq = 0.

From (3.104) and (3.105) and the interpretation of the Laplace operators Ap and Ay we im-
mediately conclude,

Proposition 3.7.1. The classical Green’s functions satisfy the monotonicity relation
0 < Cp(z;y) < Cn(x3y) - (3.106)

Furthermore as operators,

OSCD, and OSCN (3107)
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3.7.2 Reflection Positivity & Operator Monotonicity

We denote by Green’s operators C,Cp, Cy the linear integral operators on L*(R?) defined by the
Green’s functions C'(z — y), Cp(z;y), Cn(z;y), etc. We see here that reflection positivity of C' is
equivalent to a monotonic relation between the Dirichlet and Neumann Green’s operators, Cp < Cy.
In other words, reflection positivity—which provides the relation between classical potential theory
and quantum theory—turns on an intrinsic inequality between different boundary conditions on the
Laplacian.

It happens to be the case that both Cp(z;y) < Cy(z;y) and also Cp < Cy. In order to
establish the relation to reflection positivity, we translate the last section into operator notation.
Let p+ denote the orthogonal projection of L*(R?) onto L*(R%), so p, +p_ = 1.

Proposition 3.7.2. The following statements are equivalent:
1. The operator C' s reflection positive, namely 0 < pL OC p...
it. Cp < Cy.
i1, 0 <ps (C —Cp)ps.
w. 0 < P+ (CN — C) p+.
Corollary 3.7.3. The operator monotonicity inequalities of Proposition 3.7.2.11—1v hold.
Proof. Note that Op, = p,© =p_,s0 0 < p, OCp, is equivalent to 0 < p_OCp_. This is
the operator statement of reflection positivity in Definition 3.3.1. The corollary follows from the

proposition using the fact that we established reflection positivity of C' in Proposition 3.3.2.
One can rewrite the identities (3.104) and (3.105) in operator form as

p+Cppr = p (C—CO)py, p+Cpp: =0,
p+Chpr = pi (C+CO)py, and p.Cnp+=0. (3.108)

Recall also that CO© = ©C. Then from (3.108) we infer

1
p:OCp: =pi (Cy —C)pr =p+ (C—Cp)ps = o (Cy —Ch) v, (3.109)

and
pL (Cy —Cp)pz=0. (3.110)

It follows from (3.109) that (i) ensures (ii-iv). Conversely (3.109)—(3.110) show that each of (ii-iv)
ensure (i).
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3.7.3 Reflection Invariance Ensures Monotonicity

It is of interest to investigate Green’s operators of the form C' = (—Ag + m2)_1, where B denotes
some collection of Dirichlet or Neumann boundary data on various surfaces in R%. We also use B
to denote these surfaces, as well as to denote the boundary conditions on the surfaces. The Green’s
operators studied in §3.7.1 correspond to the case of no boundary conditions, which we denote by
B = @ equal to the empty set.

In order to establish the propoerty of reflection positivity, one must first limit oneself to a
geometric situation for which the two sides of the reflection plane are mirror images of each other.
In more detail, the reflection operator © must map the surfaces on which one imposes boundary
conditions into themselves; it must also map the specific boundary condition (in this case Dirichlet
or Neumann) on one side of the reflection plane into the boundary conditions on the other side. We
denote these two restrictions on the bounary conditions B by

OB=RB. (3.111)

One can obtain a simple example of a reflection-invariant boundary condition on R? by impos-
ing Dirichlet boundary conditions on a dotted hyper-rectangle B placed symmetrically about the
reflection plane x5 = 0. We draw such a configuration in Figure 3.1, where we use the convention of
taking time direction as the horizontal coordinate, increasing from left to right. More complicated
examples could involve surfaces B with several components, and the imposition of different sorts of
boundary conditions on the different components.

Figure 3.1 An example of reflection-invariant boundary cenditions on B.

In addition to the Green’s operator C' = (—Ag + mz)fl, we also require Green’s operators Cp

-1 ~

and Cy. These operators are both of the form (—Ag + m2) , where B denotes the same boundary
conditions as specified by B, but in addition Dirichlet or Neumann boundary conditions respectively
on the time-zero (x4, = 0) plane.
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Proposition 3.7.4 (Reflection Invariance Ensures Operator Monotonicity). Assume that
C,Cp, Cy have the form above with boundary conditions on B satisfying ©B = B. Then the Green’s
operators are monotonic in the operator sense that

Cp<C<Cy. (3.112)
Proof. The basic idea is to give a direct proof of the monotonicity inequality
Cyr<ct<copt, (3.113)
or equivalently
—Apn < —Ap < —App . (3.114)

and then to use the monotonicity-reversing Lemma 3.6.2.

In case that A and B are unbounded, positive, self-adjoint operators, the form domain Dg(A)
is the closure of the operator domain D(A) in the norm (f, Af). The inequality A < B means
DF<B> C DF(A) and

(f,Af) <{f,Bf) , for all f € Dp(B) . (3.115)

One can specify the form domain for the Laplacian with Dirichlet or Neumann boundary condi-
tions. Each Laplacian is a local operator, and the three Laplace operators only differ with respect
to the boundary conditions on the hyperplane ¢ = 0. Hence we need only compare how the three
Laplacians act on functions in a neighborhood of the hyperplane ¢ = 0. In fact, the Dirichlet Lapla-
cian has fewest functions in its form domain, the free Laplacian is intermediate, and the Neumann
Laplacian has the most functions,

DF(AB,D) - DF(AB) C DF(A&N) . (3116)

For simplicity of notation, let us ignore the boundary conditions on B and concentrate on the
time-zero plane I' = {z: x4 = 0}. The form domain for the Laplacian A are the functions

Dp(A)={f:fel*Vfel*}. (3.117)

As long as Vf € L2, the restriction f|I' is defined, and is an L?*(T')-function. A similar analysis
holds for one-sided derivatives. Let VL f denote a gradient which is two-sided on the complement
of I and one-sided in the normal direction to I'. The Neumann Laplacian has a form domain

Dp(Ay)={f:f€L*Vife€L?*}. (3.118)

These functions may have a jump continuity in the normal direction across I'. Finally the Dirichlet
Laplacian has a form domain

Dr(Ap)={f:feL*>VfelL? fIl =0}. (3.119)

These domains satisfy 3.116, and the forms satisfy 3.114.
The corresponding operators have domains

D(operator) = {f : f € Dp,|(Vf,Vg)| < const.|g;2} - (3.120)

Integration by parts shows that this ensures for example that that normal derivative of f € D(Ay)
vanishes. Hence this definition coincides with the normal operator one.

Introduction to Quantum Field Theory 24 May, 2005 at 7:26



40 CHAPTER 3. LIFE OF A PARTICLE AT IMAGINARY TIME

3.7.4 Monotonicity & Reflection Positivity

The Green’s operators C' = (—Ag + m2)71 of §3.7.3 are in general complicated, and explicit formulas
exist only in very special cases. For example, we can write the Green’s function for the boundary
condition illustrated in Figure 3.1 using an infinite series of image charges, reflected through a
lattice of hyperplanes converging to infinity. But in general, we do not attempt to give an exact
formula for the Green’s function arising from a complicated set of reflection-invariant boundaries.
However, once we have obtained these Green’s operators, claim that the corresponding Dirichlet
Green’s operator C'p and the Neumann Green’s operator C'y with additional Dirichlet or Neumann
boundary conditions on the z; = 0 plane.

Proposition 3.7.5. Let C' (—Ag + m2)_1 be a Green’s function for reflection invariant boundary
conditions OB = B. Then as for the elementary case, ©OC = CO, as well as

peCppr = pu (C—-CO)py, p+Cppr =0,
pLCnpr = pa(C+CO)ps, and p+Cyps =0. (3.121)

Exercise 3.7.3. Verify Proposition 3.7.5.

As a consequence of the representations in Proposition 3.7.5, along with the operator mono-
tonicity already proved in Proposition 3.7.4, we follow the proof of Proposition 3.7.2 to obtain the
following:

Proposition 3.7.6. Let C = (—Ap + m2)71 be the Green’s function for reflection invariant bound-
ary conditions OB = B. Then C' is reflection positive with respect to ©. More generally, Proposi-
tion 3.7.2 holds with the more general operators C,Cp,Cy considered here.

3.8 Space-Time Compactification

Let us reinvestigate the ideas in the previous sections for a compact space-time. We consider here
the simplest compactification of R?, replacing it by the torus 7¢ with periods

0= (b0, ... L) . (3.122)

It is convenient to single out the time coordinate, which we denote by ¢ = x4, and the time period,
which we denote by ¢; = (3. We parameterize the time by the interval —3/2 <t < 3/2, with periodic
boundary conditions on functions that are continuous in ¢, namely f(Z,—3/2) = f(Z,3/2). We
allow some periods ¢1,...,0;_1 to be infinite, in which case those coordinate directions are not
compactified. We write

T = T x [-5/2,8/2] , (3.123)

It is often useful to consider the imbedding of L2(TY) as

L (T x [-5/2,8/2]) € L* (T x R) . (3.124)
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The symmetry group T¢ includes translations (but we lose the analog of Euclidean rotations).
There are many other possibilities, but we do not consider them here.? Let us introduce the (basis-
dependent) commutative multiplication of vectors. We call this the pointwise product and use * to
denote this multiplication. The product a * p of two vectors a,p € R? is a vector a * p = p * a with
components

(p*a); = pia; . (3.125)
The torus T¢ is dual to a lattice 8¢, which we also call the momentum space lattice. Explicitly

= {p:pxlec2nZ?} . (3.126)

This duality arises in a natural way between the Hilbert space L*(R?) of functions f(z) on T¢ with
the inner product

(.9 iz = [, F@gla)da (3.127)

and the space [(8&?) of sequences f(p) on & with the inner product

< >12 oy = =Y flp (3.128)

peERL

Fourier transformation § maps L?(T9)-functions to [?(&?)-series. It has the explicit form

FH ) =Ffp) = | f)e™dr,  with pe &?. (3.129)

Td
Then the inverse transformation is

(g f) = 1/22 fp)e™ (3.130)

peER

where v denotes the volume of the d-torus, v = Hle £;. With this normalization, § is an isomorphism
as a map between L?(T?) and [2(&¢), and

(f,9) 12010y = (B1.89)i2(qa) - (3.131)

3.8.1 Periodic Green’s Function

Here we define the Green’s function and Green’s operator for a Laplace operator that is periodic
in space and time. In the limit that a period ¢; (either in a spatial direction or the time direction)
becomes infinite, this Laplacian converges to the ordinary free Laplacian with respect to that
coordinate direction.

2Even in d = 2 one might consider the multitude of space-times given by Riemann surfaces or other surfaces with
singularities. The care of Riemann surfaces that are Shottky doubles, with identical components on each side of the
time-zero plane has been studied in some detail.
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The Laplacian Ar on T¢, and the corresponding Green’s operator Cp = (—Ar + m2)_l which
acts on L?(T¢). Here

Ap = zd: = (3.132)

We also consider T as a d-dimensional rectangle Z¢ imbedded in R? with the j* side length ¢;, and
with opposite faces identified. We can also regard functions f € L?(T?) as functions on R satisfy
periodic boundary conditions

flx+nxl)=f(z), for n € Z*. (3.133)

The L?(T9) inner product is obtained by restriction of L?(R?) to L?(Z¢). Using this representation
we read off the formula for the Green’s operator C'ra and the Green’s function Cra(x;y).

Proposition 3.8.1. The Green’s functions for the periodic Laplacian on L*(T?) is

Cr(z—y)= > Clx—y+nxl). (3.134)

nczd

One can denote the corresponding Green’s operator as

Cr=> TwC, restricted to L*(I%) , (3.135)

nezd

Proof. Note that the sum (3.134) converges due to the exponential decay of the free Green’s func-
tion C on L*(R%). This is a consequence of the assumption of positive mass, m > 0. Consequently,
as any period ¢; tends to infinity, the sum in that coordinate direction tends to the single term
without translation, yielding free boundary conditions in that coordinate direction. The resulting
sum satisfies the Green’s function equation and also has the appropriate periodics. Therefore it is
the periodic Green’s function. The representation of the Green’s operator is just an interpretation
of the formula for the Green’s function.

3.8.2 Periodic Time Reflection

One would also like to introduce time-reflection on T¢ or Z¢, and this requires the proper interpre-
tation of time reflection. We regard the time coordinate in Z¢ as a periodic interval in the line,
parameterized by —3/2 <t < (/2. When we take the time-reflection to occur relative to t = 0.
The “positive-time” and “negative-time” time half-spaces by

74 =11 % [0,8/2], and 7% = 7% x [~3/2,0] . (3.136)
Then Z¢ = 7% U Ii. The time reflection acts on the d-brane Z¢ as

o(z,t) = (&, 1), (3.137)
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SO
o1 =1¢ . (3.138)

The Jacobian of the change of coordinates z — ©x on Z? has magnitude 1, so the isomorphism ©
of Z¢ defines a unitary transformation of L*(Z?) into itself. We also use the symbol © to denote
this unitary. Furthermore

L*(T% = L*(T%) @ L*(TY) , (3.139)

the unitary © has the property that
OL* (1) = L*(1%) . (3.140)

Exactly the same relations hold on the torus T¢. We define positive-time and negative-time
subspaces

T¢ =T ! x[0,8/2], T =T%""'x[-5/20], and T =T? UT? | (3.141)
and a time-reflection operator © such that
OTL =T% , and 66 =G, (3.142)

where & = TY N T4 is the time-reflection invariant (d — 1)-dimensional surface which one might
also call a p-brane. Also

L*(T%) = L*(T*) @ L*(T?) . (3.143)

The operator O is unitary and idempotent on L?(T?) and has the property that
©L*(T{) = L*(T%) . (3.144)

One can picture this geometric configuration by imbedding the torus T¢ in R??. Represent T¢
by Z¢ with opposite sides identified. Denote the coordinates on T¢ by x and the coordinates on R??
by y. Orient T in R*® so that the first coordinate is parameterized by x; € [—£;/2,¢;/2] with the
endpoints identified; in the imbedding this coordinate increases counter-clockwise around a circle
S1 lying in the plane 3, y5. The circle has circumference ¢; and we place its center at the origin of
R, Represent the j' coordinate z; of T as a circle of circumference ¢; centered at the origin of
the y2j_1 y2j-plane. Parameterize the time coordinate t = x4 by the interval t € [—3/2, 5/2]. Then
© satisfies (3.137).

We draw this schematically Figure 3.2, in which we illustrate a cross-section of the plane yoq_1 924
In the case d = 1, this gives the exact picture. For convenience, we depict the coordinate 194
horizontally and increasing to the right, while we draw the coordinate 41 in the vertical direction.
We take the point ¢ = F3/2 to lie on the positive ys4-axis and the point ¢ = 0 to lie on the negative
yg-axis. The coordinates y1, ..., y2q_2 are orthogonal to the cross-section that we illustrate.
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Sj at time t = £3/2
T¢ T4

Sy at time t =0

I'={y: 920 = 0}

Figure 3.2 The imbedding of T¢ in R?* and the invariant p-brane & = T?NT = S, U Sp.

One might call the (d — 1)-dimensional, time-reflection invariant set & a (d — 1)-dimensional
p-brane. In our imbedding, the set & arises as the intersection of 7% with the d-dimensional plane
I' C R*,

I'={y:yq=0}. (3.145)

This plane I' divides T¢ into the two parts ']Ti and T? that are the “positive-time” and “negative-
time” subspaces—even though time is periodic. The plane I intersects T¢ two times, at time t = 0
and at time +3/2. Thus & has two disjoint components & = Gy U &4, a (d — 1)-torus &y = T4!
at time t = 0 and a second (d — 1)-torus &5 = T?! at time t = F(/2. Each component is
time-reflection invariant,

06, = &, , and  OG;=6;. (3.146)

3.8.3 Reflection Positivity on T¢

Now we use the time-reflection © of §3.8.2 defined on T¢, which leaves & invariant, and the periodic
Green’s function Ct of §3.8.1. Remark that Cr is time-reflection invariant,

(Cr, 0] = 0. (3.147)
Define a form (-, -),, = on the subspace of functions L*(T) C L*(T?) by

(f, f>HT,1 =/, @CTf>L2(1rd) 5 (3.148)

which one can also write as

(f: P, = <f, O (—Ar + m2>_1 f> : (3.149)

L2(T4)

In other words,
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Proposition 3.8.2. On the Hilbert space L*(T%), the operator Ct is reflection positive with respect
to ©. In other words, the form (-, '>Hm s positive semi-definite, namely

0 <A{fs iy, = (F-OCTS) 12pay - for all f € L*(T%). (3.150)

Proof. We show that reflection positivity for C'ra on LQ(T‘i) is a consequence of reflection positivity
of C' on L?(R%), established in Proposition 3.3.2. Use the representation of functions in T as
functions on T¢~! x R, periodic in time with period 3 and with —3/2 <t < /2 being the domain
for the L?(T4) inner product. Define the spatially-periodic Green’s function
Cplx—y)= Y. Clz—y+(xl0)), so Cra(z —y) =Y Cp(z —y+(0,58)) . (3.151)
nezd—1 JEZ
The operator Cp acts on L*(T4"! x R). Since C' is reflection positive, it C' commutes with © and
with spatial translations T ; But T ; also commutes with ©. From this we infer that Cp is
reflection positive with respect to ©.
For shorthand, write
Tf = T(f,U) s and Tt = T(ﬁ,t) . (3152)
Hence we need only analyze the sum in (3.135) over translation in the time direction. For f €
L*(T?), write
<f7 f>7—[-ﬂ~ 1 Z <f7 @TﬂCPf>L2(Td 1xR) * (3153)
JEZ
We claim that each individual term in the sum (3.153) is positive. For a term with j > 0, use the
fact that T3 commutes with Cp and Tj30 = OT_;3 to give

(f,OT35CP ) aratimy = <Tjﬁ/2f7@OP g/2f>

Here we use Tjgof € L? (Ri) and that C'p is reflection positive with respect to ©.
On the other hand, for terms with j < 0,

(£,OCETaf) ppravnmy = (Toisp2Of T, 6/20Pf>L2 1)
= ((T4520f) ,0Cp ( _jﬁ/g@f)>L2 i 20 (3.155)

In the final step we use the fact that f € T?! x Z_; therefore the translates ( _ip/2© f) in question
with j < —1 liein L?(T9 1 xR, ). The positivity of (3.155) then follows from the reflection positivity
of Cp with respect to ©. Combining the results of (3.154)—(3.155), we conclude that each term in
(3.153) is positive, and the proof is complete in this case. The general case follows by using wr as
the appropriate energy operator on T4,

We can extend this computation in a straight-forward way to give

Proposition 3.8.3. For f,g € L*(T%) and 0 <t < 3, we compute (f, T9) 1y, = <f 1,4 >H1r1 as

(3.154)

L2(Td-1xR) —

e}

(£ Db, = 3 (41, 0CPTicis 0) oy + ((T9208) . OCk Triss (T51201)) s )
=0
(3.156)
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3.8.4 Quantization on T¢ and the Role of & = 06

We use the reflection-positive form (-,-),, ~on L*(T%) to define a Hilbert space of quantum-
mechanical states and quantized operators acting on these states. This is the space

Hry = L*(TL)/N ={f+g: feL*T%), and g€ N}, (3.157)

where A is the null space of (-, Ve

Introduce the Sobolev space $_1(0;T9) in analogy with (3.158), as the Hilbert space of gener-
alized functions f on T¢ of the form

91 (O;Td) = {f:Cy*f € LT , and support f C O} . (3.158)
This space is a Hilbert space with the inner product

(F.9)s , = (C*1.C%0) (3.159)

One can follow the construction of the quantization map A in §3.4, except we do not have as many
symmetries of ']I'Slr as of Ri. We obtain

NI = Moy, or Hea=(5(T9)" (3.160)

We begin with the identification of the this Hilbert space as a Sobolev space. Let V2, denote

1/2
the Laplace operator on the (d — 1)-dimensional torus T¢~!, and let wr = (V%d_l + m2) / . Define

the Sobolev space $)_1,2(T%!) as the Hilbert space of generalized functions f on T*"! with the inner
product

(f.0)5_ 1/2(Td=1) = <(2w1r)71/2 f, (QWT)fl/z 9>L2(Td,l) . (3.161)

Note that generalized functions f @ d; with §$_1/2(T?"!) and localized at a sharp time s € [0, 3/2]
are elements of , $_;(T4).

Proposition 3.8.4 (Identification of the Inner Product). The quantization (s’)_l/g(’]l‘dfl) ® 5t)A

of H-1/2(T 1) @ 8y C $H-1(T) for any fized t € [0, 3/2] is dense in Hr,. Furthermore, the scalar
product of the quantization of two such functions of the form f ® o, is

(Fe6)" (e@d.)"), = (F.e " coth(Buwr/2) g) (3.162)

/2(']1“171) .

Remark 3.8.5. The norm of the quantization of sharp-time functions is equivalent to the
$_1/2(T%Y) norm, in the sense that there is a constant M such that

Ills, ey < |G, < MUy, oy - (3.163)
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In fact using (3.162) we infer that the norm of sharp-time function is
[ 0", = (hcoth(Bwr/2) 115", masy - (3.164)
As m < wg, the spectral theorem shows that
I < coth(Bwr/2) < coth(Bm/2) = M? (3.165)

from which the remark follows.

Remark 3.8.6. This result shows that the quantization T ¢ of time translation T for 0 <t < (3/2
is the self-adjoint contraction e ™. These operators extend to a semi-group for all t > 0.

Remark 3.8.7. A new feature of periodic time is the possibility that the Hilbert spaces generated
by the quantization of functions localized on each of the disjoint components of & are distinct.
Howewver, the two components of & arise from localization at time t = 0 and at time t = (/2. The
proposition shows that quantization of functions f localized on each of the two disjoint components

Sy and Sz of G yield a dense set of the entire Hilbert space Hr 1 = (ﬁ_l(Ti)>A.

Proof. First consider the case with all spatial periods infinite, so T¢~! becomes R?"! and T? =
R x [—3/2,3/2]. Suppose t > 0. We use result of Proposition 3.8.3 to compute the matrix

element (f, Tt9>HT,1 <f Ttg> . For f,g € 9_1(T%),

<f7 jjtg>HT7l - <f7 jjtg>’)—{T71

= z%) <<f> OCPT i 9>L2(Td71X]R) + <(Tg/2@f) ,©CPpTiy 3 (Tﬁ/269)>L2(lexR)>

Z< Fe—(titen >HT7 +Z<(T6 /2@f)A’€f<t+m>wT (Tﬁ /2@g>A>
= <JE —twqr( _e—ﬂwT) 1g>HTY1

+ <(T,6'/2@f)/\ 7€7tw11“ ([ _ e*BWT)il (Tﬁ/Q@g)/\> . (3166)

Hr,1

Hr,1

Note that Tj,OT% C T4, so the function Tj/20 f has a quantization.

Now let us specialize to functions f = f® J, g = g® ¢ and ¢ replaced by ¢ + s, corresponding to
localizing f at time t and g at time s. We simplify the two terms on the right of (3.166). As in the
proof of Proposition 3.4.4, the first term is just

<]E7 e~ (t+s)wr (I _ e—ﬁwﬂ*>_1 ﬁ> ) (3.167)

H_1/2(T=1)
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The second term simplifies as both f and ¢ are localized at time zero, and thus time reflection
invariant. This term then becomes

<f7 e~ (trs+B)wr ([ _ e*ﬁuﬂr)fl g (3.168)

>5—1/2(Td_1) .
Adding these two results yields the inner products (3.162).

We now establish that the states at ¢ = 0 span Hr
superposition of functions localized at time s € [0, 5/2],

(ﬁq(Ti))A- Write f € $_1(T%) as a

6/2
f= /0 fo ® 04ds | where §,(7) = f(Z,s) . (3.169)

Likewise,
B/2 8/2
T30 f = /0 F3/2_s ® Oyds = /0 o ® 05 /a_sdls . (3.170)

Then we can use the contributions to the sharp-time inner product to write

A B8/2 B/2 /. , 1
<f, Q>H = / / <f8, e~ (s+s )wr ([ _ e*ﬁwqr) gs/> dsds’
T,1 0 0 y}il/z('ﬂ‘d—l)

B/2 rB/2 /. p -1
—i—/ / <fs, e~ (Bms=swr ([ — e_ﬁ“’T) gsl> dsds’ .
0 0 H_1/2(Td71)

(3.171)
If we write 8/o 8/2
- / et fds,  and . = / e~ (0/2=9)n £ g (3.172)
0 0
then we have
. N -1 N 1
f.q = <f (T —e 1) g > + <f, I —ePer g> .
< >7—[T71 + ( ) + Y),l/g('ﬂ'd_l) ( ) 571/2@@—1)
(3.173)

Now we localize g to a fixed time t € [0,3/2], by taking it of the form ¢, = g ® §; with
g e 55_1/2(’11“1_1). The inner product of such a g; with a general f € .6,1(’11‘1) becomes

<]E7 gt>HT,1 = <f7 (g® 575)A>HT,1

= <]E+, et (I - eiﬁ‘”)il @>
j5—1/2(’1[‘0{71)
n <§, e~(B/2=0er (] efm)—l g> .
H_1/2(Td"1)
(3.174)
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Let us assume that functions of the form ¢, € (53_1/2(']I‘d_1) ® (5t>A, for fixed ¢t € [0,3/2], do

not span Hr ;. In this case there is a function f € &_1(T1) € N orthogonal to such gy, so (3.174)
vanishes for all g;. In this case, choose

g = e rf 4 e (B/27twrg_ (3.175)

For this particular g,
A —1
9 = (g, (I —er > =0. 3.176
(f gt>Hm <g ( ) 9 o (3.176)

-1
But wr > m, so S = (I — e‘ﬂ“’T> satisfies
1<S<(1—ePmt, (3.177)

In particular S is bounded and has a bounded inverse, so S has no null vectors. We therefore
conclude that f =0, or f € N. This completes the proof.

We remark that we have in the course of this proof given a nice expression for the inner product
< 1, §>HT 1 between two general functions in L*(T%).

Corollary 3.8.8. For f,g € H_1(T%), one has

- A S A o
(£.8)y, = (Fr (1= ) g+>ﬁ_1/2(w-1) (o (1= ) 9>5_1/2<w—1> (3178

with . defined in (3.172).

3.9 Mirror Space-Time Lattice

One way to treat ultra-violet regularization is to replace Euclidean space-time by a lattice space-
time R%. Discretization of space-time is dual to compactification studied in the previous section.
However, now we introduce the lattice Laplacian as the fundamental operator and we consider
symmetries of the lattice as fundamental symmetries of space-time.

In this case it is natural to take a cubic lattice with equal spacing § in each coordinate direction.
Denote a space-time coordinate by z € £¢ and a function on space-time by a series f(z) for x € &%

This space is dual to a momentum space torus T with equal periods l; = %’T.

3.9.1 Green’s Functions
3.9.2 Time Reflection
3.9.3 Reflection Positivity
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The Hilbert space of a free quantum field is called Fock space. We develop the elementary
notions of this Hilbert space, as well as deriving some properties of standard operators on this
space. For readers new to quantum field theory, this chapter is more or less self-contained. Others
may wish to scan this part of the book for notation, and proceed quickly to the later parts. To
begin, we review here some basic properties of Hilbert spaces and linear transformations (also called
“operators”) on Hilbert space.

In Schrodinger quantum theory, the wave function for a spinless boson with coordinates ¥ is
described by a wave functions f;(#;). The wave function for two particles at &y and Z5 is described
by a composite wave function functions that is the product of the wave function for each particle,
f1(21)f2(Z2). This product is a tensor product wave function. So tensor products will play a key
role in understanding the Hilbert space of n-particles.

In order to take into account the indistinguishability of bosons, one symmetrizes the wave
function of two bosons to have the form f; (1 )f2(%s) 4 f2(21)f1(Z2). Correspondingly fermionic two-
particle states are anti-symmetric, having the form f;(71)f2(Z2) — f2(Z1)f1(Z2). For example, if one
chooses the Hilbert space H for single particle wave functions to be the appropriate space $_;2(R®)
for a massive, spinless boson, as introduced in (2.54), then a two-particle wave functions will lie in
the tensor product $_1/2(R*) ® H_1/2(R*®).

In the case of some other type of particle, if the one-particle wave functions lie in H, then the
two particle wave function lies in H ® H. One also needs to take into account the type of particle,
and to symmetrize or anti-symmetrize the tensor product. For example, in the case of two spinless
bosons, one wants to restrice the space of two-particle states from the entire tensor product to the
symmetric tensor product $_1/2(R*) ®, $H_1,2(R?). On the other hand, in the case of fermions on
the one-particle space H, then one takes the anti-symmetric tensor product H A ‘H.

Fock space results from generalizing these ideas to describe an arbitrary number of particles.
The two representations of the symmetric group corresponding to complete symmetry and complete
anti-symmetry play a special role in physics: all particles observed to date in nature appear to
be either bosons or fermions. The famous “spin and statistics” theorem of relativistic quantum
field theory does not say that these are the only allowed possibilites; rather it makes the weaker
statement that special relativity and positive energy are incompatible with anti-symmetrized bosons
or symmetrized fermions.

In general, we consider a Hilbert space that describes an arbitrary number of particles, each of
the form of a single particle given by states in F;. For a single type of particle, this Hilbert space
is a sum

Fm ey (3.179)

where F,, is the space of states for exactly n particles. We also write this as
F=expH, (3.180)

where a natural exponential emerges relating the one-particle space ‘H to the Fock space describing
an arbitrary number of particles.
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Chapter 4

Sums and Products

Tensor products arise early in the study of quantum theory. As soon as one analyzes a particle
with spin in Schrodinger Theory, or several particles with or without spin, one meets a tensor
product wave function. The Hilbert space for a particle with spin is the tensor product of the basic
one-particle space F; with a finite dimensional spin space CV. Thus the wave function of a single
particle with spin has the form f;(Z), where i indexes the finite-dimensional spin space. The spin
space is one-dimensional for spin zero, corresponding to the case of Fj.

Before delving into the details of the state space for a particular particle or field, we consider in
this chapter some general properties of the tensor products that we will meet in later chapters. We
construct a tensor algebra over a Hilbert space ‘H. Two particular subalgebras, one with symmetric
multiplication and the other with anti-symmetric multiplication, correspond to the Fock spaces for
bosons and fermions respectively.

4.1 The Direct Sum

The direct sum of two Hilbert spaces Ky and ICs is the Hilbert space
Ky Ky, (4.1)

defined as pairs of vectors {fi, fo} with f; € KC;. The scalar product of two vectors in the direct
sum 1is

({15 o3 A91 92 1) keyen, = (159106, + (f2 920k, - (4.2)
There is a permutation transformation 715 such that 72, = I with the property that
TlgilclEBlCQ:lCQ@lCl. (43)

Clearly the sum @ is associative
(K1 Ky) K3 =K1 (Kyd3) . (4.4)

The direct sum often arises in considering several copies of the same or similar transformations
(such as fields with components).
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4.2 The Tensor Product

The tensor product of two Hilbert spaces Ky and K5 is a new Hilbert space K; ® KCs.

4.2.1 Definition of I ® K,

Define the elementary elements of the space K; ® Ky as pairs of vectors f; € Ky and fo € Ko,
written as f; ® fo. For A € C, one identifies A(f; ® f2) = (Af1) ® fo = f1 ® (Af2), and considers
formal sums of vectors of these elementary vectors. One takes the inner product of two elementary
vectors in Ky ® Ko as the product of the corresponding inner products,

(1® fo, 1 ® 92>IC1®IC2 = (f1, 91>/c1 <f2a92>/c2 : (4.5)

One extends this definition by linearity to finite sums of kjky elementary vectors

k1 ko

Q=YY cara 1@ 152, where ¢q,0, € C. (4.6)

a1=1 as=1

These vectors comprise the algebraic tensor product.

The inner product of two such vectors Q and 2" must be linear in €2’ and conjugate linear in €.
Thus for any choice of k; vectors f;’ € K; and ky vectors f,’ € K, the inner product must have
the form

K1®K2

= Z@caf <ff“,g?ll>,cl <fé’2,g§“/2>,c2 : (4.7)

QD) ox, = D (7 ® S5 01" ®657)

Here one denotes o = (aq, a3) as a multi-index. The condition that this form make K; ® KCy into
a pre-Hilbert space is the statement that 0 < (Q,), with vanishing only possible if Q@ = 0. In
other words, the form (4.7) is positive definite on (; ® ) x (K1 ® K2). In this case, the algebraic

tensor product K; ® Ky is a pre-Hilbert space that can be completed to a Hilbert space that we
call K1 ® Ks.

Proposition 4.2.1. The form (4.7) is positive definite.

Proof. Define M and N as k; x k; and ks X ky hermitian matrices with entries

Mooy = (10 F7) 0 and Negay = (£52,£5) . (4.8)

Then
<Q7 Q) - Z@ Mala’lNaga’Q ) Cal (49)
In other words we need to study the positivity of kjks-dimensional square matrices with entries

Mo, N,

’.
20y
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On the Hilbert space K;, the existence of the inner product is equivalent to the statement
that all matrices of the form M are positive, and the statement that the vectors f;"* are linearly
independent, is equivalent to the matrix M being positive definite. The same is true for Ky and
matrices of the form N. Therefore, the requirement that (4.9) is an inner product is that the matrix
kiks X kiks matrix K = M ® N defined by the matrix elements

Kaa’ = Mala’l azal, (410)

is positive.

If we choose the fi'' to be linearly independent in K1, and the f5* to be linearly independent in
ICa, one wants the fi'' ® f3? to be linearly independent in K ® Ko, This is equivalent to the matrix
K being positive definite when M and N are positive definite. If this is the case, then I} ® K5 is a
pre-Hilbert space; it can be turned into a Hilbert space by completing it in the given inner product.
In other words, it is sufficient to establish the following:

Proposition 4.2.2. Consider hermitian, positive matrices M and N with matriz elements M, o,
and dimension ki X ki, and matrix elements NOQO/Q and dimension ko X ko respectively. Then the
kiko X kiky matriv K = M ® N defined by the matriz elements (4.10) is positive. Furthermore if
M and N are positive definite, then K is positive definite.

Proof. Since M, is hermitian, there is a an orthonormal basis of eigenvectors f W ffreCh
with components fé{) and eigenvalues 0 < A;. Similarly there is an orthonormal basis of eigenvectors
g¥") € Ck, with 1 < j < k, for N, with eigenvalues . Note that the orthonormal vectors with
components fc(fl) gf;) are eigenvectors for K with eigenvalues 0 < A;u;. There are exactly kiky such
vectors, so they give an orthonormal basis for C¥1¥2. Therefore K is positive. Furthermore, if each
Aj and pjy is strictly positive, so is each eigenvalue Aj;u ;.

SPECIFIC CASES Example 1. As we see from the proof above, the Hilbert space R @ R% =
R%92 and likewise C* @ C% = C%%_ For finite dimensional Hilbert spaces,

Example 2. In case we choose an orthonormal bases e\ € K, and e € ICy, then e(@) ® e{*?)

is an orthonormal basis for 1 ® Ky. The expansion

f= a§2 Caron e§°‘1) ® e§“2) , with Ca 0, = <e§“1) ® e§“2),f>Kl®K2 , (4.12)
gives
(i Fon, = a%;z) CarasCoyay - (4.13)
Example 3. The tensor product of two L*(R?) spaces obeys the rule
L*(R") ® L*(R%) = L*(R4T%2) (4.14)
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Properties of the Hilbert space L?(R%) can be understood in terms of an orthonormal basis of
eigenfunctions for the oscillator with d-components. These eigenfunctions factorize into (tensor)
products of one-dimensional eigenfunctions, as does the measure of integration, dq, leading to the
stated relation.

Example 4. The Sobolev Hilbert space $_;(R?) introduced in (3.51) displays another behavior,
namely

H1(RM) @ H_1(R2) 2 H_ (RUFE) (4.15)
In Fourier space, the inner product in §_;(R?) is given by the measure
! 4 (4.16)
p? 4+ m? b '

The weight factor (p*> + m?)~! in dimension d; + dy does not factorize into the product of weight
factors in dimension d; and dy. Thus in the case d; = dy = 1, for example, the generalized function
d € $H_1(R). Therefore § ® 0 belongs to the two-particle space,

I®oeNI(R)@H1(R), however f®5¢Z9H 1(R?). (4.17)

Example 5. One can apply the tensor product construction to spaces with other topologies,
such as the countably-normed Schwartz space S(R?), with norms (??). Giving the algebraic tensor
product the topology induced from this countable set of norms, one has

S(R™") ® S(R™) = S(RT42) (4.18)

4.2.2 Tensor Products of Operators

Two linear transformation A; on Ky and As on ks respectively, yield a tensor product transformation
A; ® A, that acts on Ky ® Ks. Explicitly one defines

(A1 ® A) (f ® g) = (Arf) © (Aag) (4.19)

and extends this definition by linearity to all of K1 ® 5. As a consequence,

(A1 ® As) (A] ® AY) = (A14]) ® (A24)) | (4.20)
and
(A ® Ay)" = AT @ Al . (4.21)
Consequently,
(A ® Ap)" (A1 ® Ay) = (ATA)) ® (A3A,) . (4.22)

The matrix elements of A; ® Ay in the basis {e;, ® fi,} can be expressed in terms of the matrix
elements of A; in the basis {¢;, } and A, in the basis {f;,}, namely

(A1), = (€, Arej) g, and (A1), = fins A2fi)ic, (4.23)
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Then
(A1 ® A2); 5,505, = (€0 @ fin, (A1 @ A2) (€5, @ fiu )i i, = (A1), (A2)is, - (4.24)
On general vectors g € Ky ® K, of the form (4.6),
(A1 ® A2) 9);.:, = jzj: (A1), (A2)i,, Gingo - (4.25)

We establish two fundamental properties of the tensor product A; ® A, of two transformations.
These two properties concern certain upper and lower bounds that we often encounter.

Proposition 4.2.3. Let Ay, Ay be bounded transformations on Hilbert spaces Ky and ICo respectively,
and let Ay ® Ay be defined as above on K1 ® Ks.

i) The operator norm of A1 ® Ay on K1 ® Ky is given by the product of the norms of the factors,

1AL @ Asll, ex, = [[Arllk, 142, - (4.26)

it) If0 < Ay and 0 < Ay each are positive, then the tensor product transformation is also positive,

0< A ® A, . (4.27)

iii) The transformation Ay @ I has a bounded inverse on K1 @ Ky if and only if Ay has a bounded
inverse on K. In that case,
(A '=AT'e 1. (4.28)

iv) The spectrum of Ay & I on Ky ® Ky coincides with the of Ay on K.

Proof. Any bounded transformation 7" on a Hilbert space K can be approximated strongly by a
sequence T, of finite rank transformations obtained by projecting 7" onto an n-dimensional subspace
of IC, with ||T,|| — [|T'|K. Thus it is sufficient to establish the proposition for A; and A, equal to
finite dimensional matrices. Furthermore, any transformation 7" on a Hilbert space satisfies the C*
property |[T]| = |77, so

14; ® As = ||ATA; @ ALA,||M3 (4.29)

HIC1®IC2 Ki®ks -

As a consequence, it is sufficient to restrict attention to proving (4.26) for positive A; and A,, as we
assume also for (4.27). Thus it is convenient to take {e;, } to be an orthonormal basis of eigenfunc-
tions of A; with eigenvalues \;, and to take {f;,} to be an orthonormal basis of eigenfunctions of Ay
with eigenvalues p;,. As a consequence, the vectors e;; ® f;, are an orthonormal basis eigenvectors
of A; ® Ay with eigenvalues \;, u;,. But this shows that for each finite dimensional approximation,
all the eigenvalues of A; ® A,y are positive, and also that

[ A1 @ Aslli, grc, = sup Mg, = [[Arlic, |42l - (4.30)

11,22
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This completes the proof of (ii). If the inverse of A; exists, then the multiplication law (4.20) shows
that A7' ® I is the inverse of A; ® I. The spectrum of T is the complement of the set for which
T — Al has a bounded inverse. But

(M@ -AI®I) =(A M), (4.31)

so parts (iii) and (iv) also follow.

4.2.3 The Pointwise Operator Product

The pointwise operator product A x B is a restriction of the tensor product A ® B of operators on
H ® H to a subspace isomorphic to H. When H is finite dimensional, the pointwise product of
bounded transformations A, B always define a bounded transformation A * B. This may not be the
case when H is infinite-dimensional case.

In an earlier discussion, we found it useful to introduce a basis-dependent, pointwise product
of vectors f * g. For f,g € R we introduced the vector f * g with components (f *g), = f;g;,
see (3.125). One could define an analogous notion on the Hilbert space ¢? of square summable
sequences, but in the infinite-dimensional case such a pointwise *-product of vectors is only defined
on a subset of /2, namely for f € /2N (P and g € >N {9, with % - % = 1. On the Hilbert space of L?
functions, the pointwise product can also play a role, with (f * g) (x) = f(z)g(x). But again such
a multiplication is defined only on a subspace.

It is also useful to define the pointwise product of matrices (in a particular basis). Let A, B be
n x m matrices with entries A;; and B;;. Define the pointwise product A * B as the n x m matrix
with entries

(A * B)Z.j = A;;B;; . (4.32)
The corresponding n'® *-power of A is
AP — Ax Ax Ax - x A (4.33)
n-factors
and the x-exponential of A is
exp,(A) =T+ i ;, Abmd (4.34)

We shortly use this notion in the case of finite-dimensional matrices. But one observes that the
corresponding notion for linear transformations on an infinite-dimensional space arises for quantum
fields. In particular, we have seen the central role played by the Green’s operator C' = (—A + mz)f1
which is a bounded linear transformation on L2(R%), as long as m > 0. The integral kernel of this
transformation is C'(z;y) = C(x — y) with the properties named in §3.2. In particular C(z;y) is
strictly positive and has a singularity on the diagonal in dimension d > 3 that is ~ |z — y|7(d72).
One can define the pointwise power C1*™ of C, as the integral operator with the kernel

(Ct) (@iy) = Clz —y)". (4.35)
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Note that for

n < Neiy = d/(d—2) . (4.36)
this kernel is locally integrable. The operator norm of C{*™} on L?(R?) is

HC{*"}H = /Rd Cy)" dy < oo, (4.37)

and C1*"} defines a bounded operator on L?(R%).

On the other hand for n > n,, the kernel of C*" is not locally integrable and Ct"} does not
define a bounded operator on L*(R?). In case n > i, the pointwise power CU™} is said to require
renormalization in order to be defined.

4.2.4 Pointwise Products Preserve Positivity

We saw in Exercise 3.6.1 that the functions h(t) = ¢? and h(t) = e’ do not preserve the monotonicity
of matrices when we use the usual functional calculus. However we now see that these functions do
preserve positivity, when we use the functional calculus defined by the * product!

Proposition 4.2.4. Let 0 < A, B be transformations on a given Hilbert space IC. Then when they
are defined, the transformations A B, A" and exp,(A) are all positive,

0<AxB, 0<Ab™ and 0 < exp,(A) . (4.38)

Remark 4.2.5. This means that if A;; and B;; are the matriz elements of self-adjoint matrices
A, B with non-negative eigenvalues, then also

AijBij s (Azj)n > and GAij 5 (439)
are elements of matrices with non-negative eigenvalues.

Proof. Consider the diagonal subspace & C K® K of vectors of the form (??) for which {g;;} € ¢*.
Also let K denote the orthogonal projection of K ® IC onto K. There is a natural identification of K
with . Notice that A x B is the restriction of A ® B on K ® K to act on K. In Proposition 4.2.3
we show that 0 < A ® B. Hence restricted to the subspace & we have 0 < A x B. Continuing in
this fashion, we infer 0 < A¥" = A« AU~} Furthermore the sum of positive transformations is
a positive transformation, so 0 < exp,(A).

4.3 n-Fold Tensor Products

Define the n-fold tensor product of Hilbert spaces ‘Hi, ..., H, as the Hilbert space

Hi@Hy @ @My (4.40)
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constructed as follows. Write elementary vectors in this vector space as
O L =hOhe ®f,  with fj€H;, (4.41)

with the inner product between two such elementary vectors (4.41) given by the product of the
inner products of the individual vectors,

(n) (n) &
<Qf1 _____ fn’le""’g">H1®H2®---®Hn 1:[ fjag] . (442)

Extend the definition of vectors to be linear over C in each factor space H;, so that finite formal
sums

Q) — an f1 o with ¢, € C, and quj cH;. (4.43)

n

Here a is the multi-index o = {ay, ..., } with 1 < a; < N, for some N < oo. The inner product
of two such vectors Q™ and '™ ig

(n) y(n) Qm (n)
<Q {2 >H1®H2®~~®Hn an % < fal"“’f““’Qféy""fén>H1®H2®...®Hn (4.44)
We see that this form (4.44) is positive definite for Q™ = Q'™ as follows. Note that
() ST
<Q ’ { >H1®H2®---®'Hn o az; Ca Cﬁj]‘_Il <faj7 fﬁj>7‘£j ’ (445)

Hence positivity of this putative inner product is equivalent to positivity of any N™ x N™ matrix
MW" with matrix elements

ﬁ ag ﬁj (4.46)

where the individual matrices M) with matrix elements Mc(fj ) g, are positive, and strictly positive
unless all the f;,; are zero.

(Y = Y el aranl 5 e (4.47)
15.0yQn
and
C(f(n))oq.--an = <foc1 & focz K- focnv f<n)>H1®H2®---®Hn . (448)
/i@ f2@ @ full = [T I fills, - (4.49)
j=1

A dense set of vectors in H; ® He ® - - - ® H,, have the form of finite linear combinations of such
tensor products, with the vectors {f;} chosen from an ortho-normal basis for H,

fMeHI@H, ® - @ H, . (4.50)
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With coefficients ¢(f™),, such vectors have the form
A sequence of operators A; acting on H;, for 1 < j < n, defines a tensor product transformation

AR AR ® A, acting on H; ® - - - ® H,,, namely
(Ai®AR-QA)([i®fi® @ fi) =Aii®Af® - QA f. (4.51)

It follows from the analysis of the case n = 2 in Proposition 4.2.3 that
A1 ® A2 @ -+ @ Anlly or0090, = 11 ||Aj||Hj : (4.52)
j=1

Also if 0 < A, for every j, then
0<A AL --®A,. (4.53)

4.4 Tensor Powers

We often deal with a power of a given Hilbert space, namely the case of the tensor product for

which all factors agree, H; = Hy = --- = H,, = H. In this case define the n*'-power of H to be
H"=HQ - QH . (4.54)
fact

Likewise, define the Fock space F as the direct sum of these spaces,
F=CoHoeH®®  -oH" & -, (4.55)
or

F = @55 F

J

=, (4.56)
where F; = H®" and Fy = C. Vectors in f € F = expg, (H) are sequences of vectors of the form
i: {f(O)vf(l)uf(2)7} ) where f(n) efn . (457)

Vectors with almost all the f(™ = 0 are dense in F. (These are called finite-particle vectors.) The
inner product of two such vectors is

NS0 g NS () )
(f.9),= nzzo<f 9"), = > (£, 0 - (4.58)
The Fock space F is the Hilbert space obtained by completing the space of finite-particle vectors
in the norm given by the inner product (4.58).
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4.4.1 The Map I

Let B(H) denote the bounded, linear transformations on H. Given an contraction operator T €
B(H), namely a bounded operator with norm [|T||,, < 1, one associates a contraction operator
I'(T) € B(F). This operator is

I':B(H) — B(F) . (4.59)
In case T is not a contraction, then I'(7") is an unbounded operator whose domain includes all vectors

with a finite number of particles. The operator I'(T") acts on F,, as the n-fold tensor product of T'.
In particular

NT)=a,"o I'(T),, where T'(T), = T%", (4.60)
or
D) f={f TV, (TeT) &, ....7°"f™, .. }. (4.61)
It is also interesting to calculate the infinitesimal T'(T) when T'(a) = ¢®. Then
n factors
d —_—

(mF(T(a)) ) =SIQ - I+IST+---+1+--+I®---®S (4.62)

a=0/n n terms

Exercise 4.4.1. Check the following examples:
1. With I denoting the identity both on 'H and on F
ri=r, (4.63)
1. Fort >0,
De™) =e ™, (4.64)

where the number operator N. Show that N is self-adjoint, with spectrum the non-negative
integers. Also show that each F, as an eigenspace of N for eigenvalue n € 7., .

1. Show that the transformation —I1 on H gives the operator

L(—1)=(-D". (4.65)

4.5 Symmetric Powers

Bosonic multi-particle states are symmetrized. So we define the n'’-symmetric power H®=" of H as
a subspace of H®", denoted by
H®sn —H Qs+ g H , (466)
—_————

n factors

and where an element of H®:" has the form,

1

{perm i}
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We also write

Footornt = J1®s f2 ®s - Qs [ . (4.68)
Note that we use n!~'/? and not n!~! as the normalizing factor in (4.67), so when f; = --- = f,,
nfactors nfactors

The inner product on H®<" is inherited from H®", so

1f @5 f @5 f @5 s Fllpgmen =2 || f1I5, - (4.70)

On the other hand, when the f; belong to an orthonormal basis for H, then vectors of the form
fiy ®s fiy Qs -+ s fi,, with indices i; < iy < --- < 4, are orthonormal. Furthermore the vectors

(P i

n 7 1
f(nz)l g T (H W) fi1 K5+ Qs fil Qs Qs fiT Qs+ Ds fir ) (4'71)

n;, factors n;,. factors

with i1 < i < +-+ < i, and with n;, + -+ 4+ n;, = n yield an orthonormal basis for H®™ .
We easily compute the inner product on H®:" between two pure tensor product vectors as

<f1®s"'®sfm gl®s"'®sgn>7-[®sn = <f1®s"'®sfm gl®s"'®sgn>7-[®n
1

= 0 X T{fem),

" {perm ¢4/} j=1

= > 12[<fj,gij>ﬁ. (4.72)

{perm i} j=1

Here 3 (perm 43 denotes the sum over the n! permutations (11, ..., 0n) of (1,...,n).

The combinatoric expression of the form (4.78) is sometimes called the permament of the n x n
matrix M with entries M;;. The permanent is a homogeneous polynomial of degree n in the entries
of the matrix, that one denotes Perm M;; or Perm M. In case there might be ambiguity in the
dimension of M, one also writes Perm,, M, when M is an n x n matrix M. The permanent of an
arbitrary n x n matrix M with elements M;; has the form

PermnM = Z Ml iiMQiQ cee Mnln . (473)

{perm i}

This is exactly the type of homogeneous polynomial that enters the definition of the determinant
of M,
det,M = > (=1)®""My;, Mo, -+ My, | (4.74)
{perm i}
where sgni denotes the sign of the permutation 7. For the permanent, however, one removes all
the minus signs. While the permanent does not have the same geometric interpretation as the
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determinant. However, the permanent satisfies a similar recursion relation. For an (n+1) x (n+1)-
matrix M,

n+1
Perm, M = Z Permn i (4.75)

where Mij denotes the n x n minor of M obtained by removing the first " row and the j** column.

Consider now the special case that M is a Gram matrix, namely when the components M;;
are equal to the inner products of a sequence of vectors f; € ‘H with a second sequence of vectors
g; € H. In other words M;; = (f;, g;),,- Then one writes M in the compact form

M:<f17f27~'7fn> ) (476)
91,9255 9n

Here the first row of vectors indexes the rows of the matrix M, while the second row of vectors
indexes the columns. Then the matrix elements can be written,

9j

M;; = Perm, (f ) , (4.77)

and the general permanent equals

e (1 4) = 5 filna),

91,92, -- -5 9n {perm i} j=1

- % vem (1)

{perm i} j=1 i

== <f1 ®s"'®s fn; g1 ®s"'®s gn>7—(®sn . (478)

With this notation, the recursion relation for the permanent (4.75) also has a simple form. For any
fixed 2 =1,2,...,n+ 1, we can write the recursion relation in the form

Perm,, 1 ATPEIRRRRFASS =Y Perm i Perm,, JisJoreees i . (4.79)
915,925 - -+ Yn41 1 9j 91,92, B Gt

Iteration of this recursion relation yields the original permanent in (4.78). One can also write the
recursion relation in terms of the inner product of vectors on F?. It has the form

=

n+
< ;1 ----- S Q;l:---vgn+1>')—t®sn+l - Z <f“ gJ> <Q;17---7fi7---vfn+1’ Q;,---,dj,---,gn+1>H®sn (4'80)

.
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4.5.1 Bosonic Fock Space

The symmetric (or bosonic) Fock space F* = F*(H) over the (one-particle) Hilbert space H is
FS =@, HE", (4.81)

where we denote H®:® = C. Vectors Qs € F* are sequences on n-particle wave functions Qf € F5 =
H@sn’
f={fO, 0 @ 1 where f™ ¢ F* . (4.82)

and

<LQ>}.5 - i <f(n)’g(n)>fg - i <f(n)’g(n)>71®sn ) (4'83)

We sometimes use another notation for a vector in f™ € F* C F* that is a symmetric tensor
product of vectors fi,..., f, € H, that is when

f(n) - fl(”) Qs fQ(") Ry -+ - R fé”) ) (4.84)
It is convenient to write
Q;(n) :fl ®s f2 ®s"'®s fn (485)
The inner product of two such vectors is
<Q?(n); QZ(n/) >}_S = 5nn’ <Q;(n), Q;(n) >}_g y (486)
where
f(n) f(”)
<Qs<n),QS(n)> = Perm,, |7} 7L , for n>1. (4.87)
ez 9’ g

The inner product of two such vectors is

s S 0Os S = f(n)aa (n)

Proposition 4.5.1. The map I" transforming a contraction on 'H to a contraction on F restricts
to a map I'* F°.

Proof. The definition (4.61) of the transformation I' is symmetric on each n-particle component
Fn. Thus it maps F° C F to itself.

Remark. One could leave the normalization factor n!='/2 out of the definition of the symmetriza-
tion of the tensor product, and rather put a factor n!=! into the definition of the scalar product
on H®". With this notation, it is natural to write F* as an exponential, * = exp,_H, where we
interpret the exponential being applied to the scalar product.
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4.5.2 Bosonic Creation and Annihilation Operators

Bosonic creation and annihilation operators are a representation of the up and down shift transfor-
mations between subspaces of Fock space with particle number n,
st

n

= F (4.89)

One defines the downward shift so F§ maps into 0. The the creation operator my(f) adds a wave
function f to a state, mapping
ms(f) : FTSL - ‘7:;—&-1 ) (490)

by the rule
ms(f) ;17f27---7fn = Qj”,fl,fz,---,fn : (4'91)

The symmetry of the symmetric tensor product on F;, entails the commutativity of different creation
operators,

m;(f)ms(g) = ms(g)ms(f) - (4.92)

As the domain of my includes the dense set of vectors D which are finite linear combinations
of elementary tensor product states with a finite number of particles. Therefore m,(f) has a dense
domain, and its adjoint it uniquely determines the adjoint my(f)*, which we now identify. On
vectors of the form Q° > the definition of m,(f)* as the adjoint of m,(f) means that

920rens9m
<Qj“1,f27-~~,fn’m5(f)* 921792,--~7gn+1>]:i+1 - <m5(f)Qj°1,f2,m,fn’ 9217927--~7gn+1>]:3+1

- <Q?f17f27m7fn,Qzl’g%m’gnﬂ>72+1 . (4.93)

Linear combinations of the vectors 27 . span F, so this procedure yields the matrix elements

of the adjoint ms(f)* in a basis, and hence determine it uniquely (at least when acting on vectors
with a finite number of particles). All other matrix elements of Q% , . . vanish, so my(f)* is an
annihilation map

m(f)": Fog — T (4.94)

for n > 0 and m,(f)F; = 0. Using the recursion relation for the inner product given in (4.80), with
the choice 1 = 1,

n+1
<Q§7f17f27---7fn7 Q557175]27---75]71-&-1>}-s+1 - X:I <f’ gj>7-l <Qjc1,f2,---,fn7 QZl,---7dj,---7gn+1>}-S : (4'95)

From (4.93) and (4.95) one can read off that

n+1

ms(f)* Q‘Zl,gg ..... In+1 = Z <f’ gj>’}—[ 9217.,_7%7.,,79714,1 I a’nd mS(f)*QS = O ° (496)

j=1
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Proposition 4.5.2. Let f,g € H. On the domain Dy of vectors with a finite number of particles,

ma(f)",ms(g)] = (f,9)5 while [my(f), ms(g)] = [ms(f)",ms(g)]=0. (4.97)

Proof. To evaluate the commutation relation between my(f)* and my(g), use the basis of tensor
product vectors that we have been using. Then on an (n + 1)-particle vector,

n+1

Wy (9)m(f) L, g = 2 9302 Vo (4.98)
j=1
while
n+1
ms(f)*ms(g)gzl,gg ..... In+1 = Z <f7 g])’}—( Qz,gl ..... j] ..... gn+1 + <f7 g>'H Q;hgg ..... In+1 ° (499)
j=1

Thus on each subspace F? one has (4.97), But the relations do not depend on n, and the full
Fock space F* is a direct sum of the F?. Therefore the commutation relations (4.97) hold on any
subspace of F* with a finite number of particles, completing the proof.

Let N® denotes the bosonic number operator, namely the restriction of the number operator
N, introduced on F in Exercise 4.4.1, to the subspace 7* C F. Each n-particle subspace F; is an
eigenspace of N° with eigenvalue n.

Exercise 4.5.1. Show that on vectors with a finite number of particles,
N m(f)] = ma(f) and [N*,my(f)"] = —m.(f)" . (4.100)
Furthermore show that the self-adjoint unitary I'(—1I) satisfies

D(=Dm (f)T(=1) = —m(f) - (4.101)

4.6 Anti-Symmetric Powers

Anti-symmetric tensor powers of vectors correspond to fermion particle states. We can redo the
analysis in §4.5 of F but this time focusing on the subspace of tensor-product vectors that are
totally anti-symmetric.

Define the n''-anti-symmetric power H"" of H as a subspace of H®",

HM =HA---AH, (4.102)

n factors

and where an element of H"" has the form,

a 1 sgnt
Qf17f2 ----- fn:fl/\fz/\'”/\fn ::n!1/2 Z (_1)g fu®fi,® - ® fi,, (4-103)

{perm i}
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and sgn is the order of the permutation 7. The inner product on H”" is inherited from H®", so

< (Jl”l,fz,m,fn’ 921,92,~~-,gn>HAn - <f1 NN fpygr A A gn>H®n
1 sgn i+sgn i’ &
= — X (e (),
" {perm 4,7/} Jj=1
= > o= {f0),
{perm i} j=1
— det, (f0 S In) (4.104)
91,925 ---59n
If {e;} are an orthonormal basis for H. With the multi-index o = {y, ..., @, }, vectors of the form
ngl) =0, coprean with oy <as < ... <ay,, (4.105)

are an orthonormal basis for H"". A general vector f™ € H"" can be expanded in this basis. It
then has the form

n 1 a a n
) = ] za:ca Qegn) , where ¢, = <Qe&n), £ )>HM : (4.106)
One requires that the coefficients ¢, are square summable,
n n 1 2
<f( ) #l )>H/\" = ; lcal” < 00 . (4.107)

Finally we note that there is a recursion relation similar to (4.80) for the inner product of
two tensor product vectors in H”™. The derivation of this relation uses the recursion relation for
determinants. For any i,

detn+1 (fl? an cee 7fn+l> _ rf(_ly-l-j det1 (

91,925 - - -y Gn+1 =

fl> detn (fl?f?a"'?fi---afn-i-l) ] (4108)
g 917927---7/gj'--7gn+1

One can also write the recursion relation in terms of the inner product of vectors on F*. It has
the form

1

< ?17--.,fn+17 QZI""’g"+1>HAn+1 = ) 1(_]->7'+] <fl7 93>H <Q;1,“,,ﬂ,...,fn+17 9217,..7%,...7gn+1>7_[/\n (4109)

3
+

<
I

4.7 Fermionic Fock Space

Define the anti-symmetric or fermionic Fock space F2 (or F/) as

Fr=a2, F, where F§ =C, and Fy = HN |, for j>1. (4.110)
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Vectors in F* are sequences

So={FO @ where f™ e Fi (4.111)
and N _
a _a _ n n . n n)
(19°) . —nX:,; (£, gt )>f% —nz:% (£ .- (4.112)

A fermionic Fock-space vector f* for which each component f (") is an anti-symmetric tensor
product states has the form

f— {Q(S)’ ;{fl)’ Qfl , 2(2)7 Qf(3> 3>7f§3)7 e } E fa . (4.113)

The inner product of two such vectors is
< > Z det” < ;5 9, )> (4.114)

4.7.1 Fermionic Creation and Annihilation Operators

Fermionic creation and annihilation operators are a representation of the up and down shift trans-
formations in F¢,
Fr = Fogas (4.115)

where the downward shift maps F§ to 0. Denote by m,(f) the creation operator map,
m,(f) : Fr — Fiq - (4.116)

Its adjoint m,(f)* is the annihilation map taking F2,, to F¢ (and it takes F§ to 0). The definition
of m on F* is similar to the definition on F*, but it has different properties. Let

WMo ( O, e = Uttt - (4.117)
By the anti-symmetry of the tensor product,
ma(f)ma(g) = _m(L(g)ma(f) : (4118)

We now determine m,(f)*. On vectors of the form Q7 ,,» the definition of m,(f)* as the

adjoint of m,(f) is

< L}l,fzpuyfn’ma(f) 9317927 79n+1>]_‘ ) - <ma<f) (}17f27~--7fn’le,QQ,~-~,9n+1>_7:g+1

n+
= <Q;7f17f2,...,fn7le,gz,,..,gn+1>}_z+l . (4119)
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Linear combinations of the vectors €27 - span Fy, so this procedure yields the matrix elements

of the adjoint m,(f)* in a basis, and hence determine it uniquely. All other matrix elements of
Q% 41 fo...p, vanish, so my(f)* is an annihilation map

m, ()" Foy — Fn s (4.120)

for n > 0 and m,(f)Fy = 0. Using the recursion relation for the inner product given in (4.109),
with the choice 7 = 1,

n+1

a a _ +1 a a
<Qf7fl7f27--~7fn7 Qghgz ,,,,, gn+1>}-a - Z<_1)J <f,gj>H <Qf17f2 ..... fu le ..... & gn+1>]_—% . (4.121)

n+1 ]:1

From (4.119) and (4.121) one can read off that
n+1 )
WMo (f) Q8 g = 2 (=17 (Fgi) 5 Q0 st and m,(f)"Q5=0. (4.122)

j=1

One can also compute the anti-commutation relation between m,(f)* and m,(g). In fact,

n+1
ma(g)ma(f)*Qzl,gg ,,,,, In+1 - Z(_l)]+1 <f7 gj>H Qg,m ..... ,9/] ..... In+1 (4123)
j=1
while
n+1 )
ms(f)*ms(g)Qzlag2 ----- In+1 = Z(_l)J <f7 g]>H Qz,gl ..... 5/] ..... In+1 + <f’ g)H Q;1792 ..... In+1 * (4124)
j=1

With {A, B} = AB+ BA, we have established the anti-commutation relations for the operators
mg(f) and their adjoints.

Proposition 4.7.1. Let f,g € H. On the domain Dy of vectors with a finite number of particles,

{mo ()", ma(9)} = (f, 909 while {my(f), ms(g)} = {ms(f)", ms(9)"} =0.  (4.125)

Exercise 4.7.1. Show that {Nf, ma(f)} = m,(f) on any vector in F® with a finite number of
particles.
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Chapter 5

Number Bounds

Many bounds on Fock space can be expressed in terms of a number operator, or some variation of
the number operator. These Fock-space bounds give basic tools for comparing two transformations.
We begin with an elementary example.

5.1 Estimates on m(f)

In this section we investigate the bosonic and fermionic creation operators mg(f) and m,(f), and
their adjoints, introduced in §4.5.2 and §4.7.1. These transformations map F; or F? to F;,, or
Fo,, respectively. Recall that we use the domain of definition for m,(f) and its adjoint to be
Dg C F*. This is the set of vectors that are finite linear combinations of vectors in F* with a finite
number of particles. This domain D§ is dense in F*. (Similarly, we define and use the domain
Dg C F*, which is dense in F*, as the domain of definiton of m,(f) and its adjoint.) Let N° denote
the number operator on F®, namely the self adjoint operator that has F; as an eigenspace with

eigenvalue n.

Proposition 5.1.1. Let f € H. Then in the fermionic case,

[ma ()0 = lma(F) |z = [[f1ls - (5.1)

In the bosonic case,
—1/2
me () (V1) =11 (52)

*

The null space of N° equals F5 and is contained in the null space of my(f)*.
complement F$, = (F&)*, one has 0 < (]Vb)il/2 <1 and

On the orthogonal

—-1/2

Hms(f)* (™)

S5
>

= [[fll - (5.3)
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Proof. The transformations m(f) and m,(f) are linear in f, and vanish for f = 0, in which case
the claims hold. Thus without loss of generality assume f # 0, and by scaling assume || f||,, = 1.

_In the fermionic case, consider the positive, self-adjoint operators N¢(f) = mq(f)m,(f)* and
Ne(f) = mu(f)*my(f). The commutation relations (4.125) ensure for g = f that
Ne(f)+ N(f)=1. (5.4)
Thus 0 < N%(f) < I, and similarly for N°(f). Also
ma(f)” = (ma(f)7)* =0, (5.5)

which entails that both N°(f) and N°(f) are projections. As they sum to I, they cannot both
vanish. One checks the projection property for N(f), for example, by writing

N(f)? = ma(f) {ma(f), ma()Fma(f)" = 115 ma(F)ma(f)" = N(f) - (5.6)
As any linear transformation m,(f) on a Hilbert space and its adjoint have the same norm,
[ma(f)* e = NI = lma(F)l 7 = 1IN - (5.7)

so both N*(f) and N°(f) have norm 1.
In the bosonic case the commutation relation (4.97) in the case g = f of norm one take the form

ms(f) ms(f) = m(f)ms(f)" + 1= N°(f) + 1. (5:8)
Again this allows us to diagonalize N*(f) = my(f)ms(f)*. Choose an orthonormal basis e; for
H, with e; = f, and let Q%) = & (.., € F°NF; denote an element of the corresponding

orthonormal basis for F* obtained by choosing all possible n = 0, 1,... and all possible f™ of the
form (4.71). We show that these vectors are also eigenvectors for N*(f). The commutation relation
(4.97) yields

[N2(f), ms(e;)] = 015 male;) (5.9)
Thus any such vector €2}, of the form (4.71), and with i, > 1, is a null vector for N*(f). Further-
more, the relation (5.9) shows that my(f) acts on an eigenvector of N*(f) with eigenvalue A, yields
another eigenvector of N*(f) with the eigenvalue raised to A + 1. We infer that an element Q;(n) is
an eigenvector of N*(b) with eigenvalue d;,1n;,. Taken together with (5.8), we see observe that the
Qjcw) also give a basis of eigenvectors for ms(f)*ms(f). This completes the proof of the two claimed
bounds.

Remark 5.1.2. For f # 0, one sometimes calls

N(f) = IFly ma(F)ma(f)" (5.10)
the fermion number operator for mode f. Likewise
N*(f) = [Ifllz" ms()ms()" (5.11)

is called the boson number operator form mode f, and it has spectrum Z.. .
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5.2 Nice Vectors

We often need a suitable regular, dense subset of nice vectors D C F of Fock space to use as the
basis domain of definition of certain operators operators. Likewise we use D x D as the basis domain
for certain forms. We also use the domain D to carry out computations, such as the verification of
commutation relations for the densities of the fields, to discover the symmetry generated by some
self-adjoint transformation, etc. We then extend these relations by continuity to some larger domain
by continuity or by other means.

In fact we introduce two such domains: a nice domain D* C F* = F* for bosons and also a nice
domain D/ C F/ = F@ for fermions. Both spaces are defined in the same way. In each case, let H
denote the one-particle space and let Hy C H denote a dense subspace of “nice” one-particle wave
functions. We choose D to be vectors that are finite linear combinations of vectors in Dy, where
vectors () € Dy have the properties:

e Any Q2 € Dy has a finite number of non-zero n-particle components €2,,.
e Each (), is the tensor products of n-nice, one-particle wave functions in Hy.

In the bosonic case, the wave functions are symmetric tensor products of one-particle wave functions;
in the fermionic case the wave functions are anti-symmetric tensor products of one-particle wave
functions.

5.3 The Weyl Algebra

Define the self-adjiont part of the bosonic creation operator my(f) of (4.91) as

X(f) = ms(f) +ma(f)" (5.12)
with the domain D” C F°. This operator is a generator in the Weyl algebra as follows. Note also,
X(if) = i(ms(f) —mo(f)7) - (5.13)

Furthermore
(X (), X(9)] = (F,9)p = (9, F)p = 213 (f, 9)34 - (5.14)

Proposition 5.3.1. For f € H, the transformation X (f) is essentially self adjoint on D°. We
denote the closure also by X (f). The unitary Weyl operators W (f) = ¢X) satisfy

W ()W (g) = e W(f +g), (5.15)

which applied twice yields,
W (W (g) = e W ()W (f) . (5.16)
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Remark 5.3.2. Two Weyl operators W (f) and W (g) commute, if and only if
S(f,9)y € TL . (5.17)

Proof. Let Q € Dy be a vector with ng or fewer particles. Expand X (f)? into a linear combination
of 29 monomials of the form Y (f) = m,(f)#'m,(f)#2---m,(f)#, where each # denotes the choice
of either my(f) or my(f)*, with j = j; + j2 specifying j; > 0 choices of my(f) and jo > 0 choices of
m,(f)*. One verifies on each n particle eigenspace of N? that

m,(f) (N +1) 7 = (V) () (5.18)
It follows that

ol = [y (i) (e o

Fb

IN

o) vyl

< (no+j+ 1)j/2

4 —j/2
Y(f) (N +j+1) H 19 (5.19)
Fb
But (5.18) combined with Proposition 5.1.1 means that
. —3/2 ;
i (v <ism (5.20)
Fb

Therefore, ‘ ' A A
|x(79|,, <2 (o + 5 + 12 £15/191 50 (5.21)

from which we infer that the power series

iﬁHX(f)jQ\ (5.22)

Fb

converges to a function of an entire function of Al f||,, of exponential order 2. Thus X (f) has a
dense set of analytic vectors, and its closure is self-adjoint.
Next consider the self-adjoint operator

GA) = WANX(gW(=AS) , (5.23)

with domain D. On this domain, G(\) also has power series in A with infinite radius of convergence.
As all derivatives at the origin of order 2 or more vanish,

G(A\) = X(g9) +2iA3(f, g) - (5.24)

This identity extends by continuity to the domain of X(g).
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Next with €2 € Dy consider the entire function
F(\) = e XS0 W (= (f + g)) W)W (Ag)Q . (5.25)
Note F(0) = Q. Use (5.24) to obtain

AED) =9 1 (A (f + g)) (X(—g) — 2003 (£, 9) WO W )R

dX
e NI WA+ )W L)X ()W (=AHWAIWAGQ=0.  (5.26)

Therefore, F/(A\) = Q, which yields the desired identity (5.15) and completes the proof.

5.4 Some Additional Properties when H = $_; /2<Rd_1>

In this section we assume that H is a function space. In particular for simplicity we choose H =
$_1/2(R*1). The important feature is that H includes a dense set of nice vectors, and we choose
these vectors to be either

2

2, = SR, or 0y =¢e“0;. (5.27)
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Quantum Fields
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Quantum Fields describe an arbitrary number of particles. Thus the Hilbert space on which
they live has a more complicated structure than the Hilbert spaces in Proposition I called We begin
with the construction of a Fock space H, the natural Hilbert space appropriate for a free (linear)
quantum field. For simplicity we begin with a field that describes a single type of scalar (spin zero)
particle with mass m > 0. One generally begins the study of non-linear or interacting field by
perturbing such a linear field.

We take an appropriate Hilbert space H; for a single particle. This space will be given an uni-
tary, irreducible, positive energy representation U(A, a) of the Poincaré group (the inhomogeneous
Lorentz group). Such a representation is characterized by the spin and mass, so we have used up
our freedom of choice. The full Fock space is the symmetric tensor product exponential of the one-
particle space, H = expg_H;. The unitary representation of the Poincaré group on H; determines
a corresponding unitary representation U(A,a). This representation is highly reducible, and has
the interpretation of acting on each of the individual particles.

We begin with a discussion of tensor products that make up the Hilbert space to describe an
arbitrary number of particles. This is the space of states for the free field.
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Chapter 6

The Free Bosonic Field

In this chapter we define the mass-m, scalar, free quantum field (7, t), acting on Minkowski space-
time R?~! x R. This field is an operator-valued distribution that satisfies the linear equation of
motion

<D + mz) o(Z,t) =0, (6.1)
along with the canonical constraints on the initial data
» . ~ A
o) =p(@0),  and x(7) = (2] (7,0, (62)
that satisfy
[ (), ()] = —i6( — &), and [p(7), p(2)] = 0 = [x (&), 7 ()] . (6.3)

6.1 The Local Field

Alocal field p(x) = (&, t) arises from giving the time-zero field ¢(Z) the time-dependence generated
by a local Hamiltonian H,

p(x) = (@) (6.4)
A local Hamiltonian is one which propagates the field with finite speed, so that ¢(z) and ¢(z’)
commute when x — 2’ is a space-like Minkowski vector. If H = Hj is the free field Hamiltonian,
then ¢(z) is hte free field. We first describe the space of state, introduce the initial field ¢(Z), and

then define the time-dependent free field (&, ).

6.1.1 The Hilbert Space

The Hilbert space of the massive, free scalar field is the bosonic Fock space F? over the one particle
space H. In the notation of Chapter 4,

FP=F* =expgy, H . (6.5)
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A single-component field has the one-particle space H = $_; /Q(Rdil), namely the Sobolev space
introduced (?7?), with inner product

(D5, iy = (11 29)7"0) - (6.6)

Here w = (—V? + mQ)l/ ? is the relativistic energy for a mass-m particle. The action of w on F? is
given by the free-field Hamiltonian Hy. In terms of the operator I'* defined in (4.60)—(4.61),

d —tw
Hy=— %F(e f . (6.7)
The operator Hy acts on states (%, € F; as
n factors
wRIQ QI+ +IQ--- Q1w . (6.8)
n terms
Exercise 6.1.1. Show that the creation operators mg(f) of (4.91) and their adjoints satisfy
[Ho, ms(f)] = mg(wf) , and [Ho, ms(f)*] = —mg(wf)*, (6.9)
or in unitary form
eitHoms(f>e—itHo — ms(eitwf) 7 and eitHomS(f)*e—itHo _ ms(eitwf)* ) (610)

The unitary representation U(A, a) of the Poincaré group on Fj gives rise to a unitary repre-
sentation of the Poincaré group on F equal to

D*(U(A, a)) . (6.11)

Thus we obtain a unitary representation of the Poincaré group on F°. By definition, This group
leaves the vector f = {1,0,0,0,...} invariant, and one calls this the no-particle vector the vacuum-
vector

Q= {1,0,0,0,...} . (6.12)

The vacuum is an eigenvector of each generator of the Poincaré group with eigenvalue zero. These
generators are identified with energy, momentum, angular momentum, and infinitesimal boosts.
Thus
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6.1.2 Time-Zero Fields

We continue with the choice of (-, ), as the space (6.49) of generalized functions $_1/,. Then any
f € 'H can be decomposed into real and imaginary parts,

f=fr+ifi, with f., f; real . (6.14)

Let us define
571/2 real(RS) = {f : f € ﬁfl/Q(Rs) ) and f = fr‘} . (615)

The operator w is real. This means that w (as well as a real function of w) transforms real function
f to real functions f, so if f € D(w),

wf=wfr+wf. (6.16)

The self-adjoint part of the creation operator mg(f) for real and purely imaginary functions
f € H play a special role. Recall we already introduced the self adjoint part of m,(f) for general
f € H in (5.12); we called X (f) the generator of a unitary Weyl operator W (f) = e*X(/).

Definition 6.1.1. The time-zero boson field ¢ is
o(f) = X(f) =ms(f) + ms(f)", in case f € H-1/2 real(R%) . (6.17)
The canonically conjugate time-zero field is w, given as
w(f) = X(iwf) =i (ms(wf) —mg(wf)) , in case wf € H_12 reat(R") . (6.18)

With these choices, the fundamental commutation relation (5.14) for real f, g take their standard
form.

Proposition 6.1.2. The canonical fields satisfy

[ﬂ-(f)? So(gﬂ =l <f7 g>L2(RS) ) (619>
and the Weyl relation (5.16) becomes

i) piela) — oilF9) 2ms) pivle) pin(f) (6.20)

Proof. These relations follow from

[ﬂ.<f)’ gp(Q)] = 22% <iwf7 g>ﬁ,1/2(]Rs) = —1 <f7 2wg>5§71/2(Rs) = —1 <fa g)LQ(Rs) ) (621)

and the Weyl relation (5.16). We can extend ¢(f) and 7(f) in an linear manner to all functions
f=f+ifiin H_1/2(R%) or H_5/5(R?) respectively. In this way,

p(f) = my(f) +my(F)
w(f) = i(mwf) - m(@f)") . (6.22)
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If one wanted, one could express this inelegantly in terms of the X (f)’s. For example,

1

o(f) = 5 (XU +X(F)—iX(if) +iX(if)) - (6.23)

Once these fields have been defined, one can extend them (linearly) to complex test functions
f. Thus with f decomposed as in (6.14) or (6.17), let

o(f) = (fr) +iv(fi) and w(f) = =n(fr) +in(fi), (6.24)

6.2 The Free Field

The initial value for the field ¢ and its canonically conjugate field 7 do not determine the time
evolution of the field. That is given by the Hamiltonian. For the free field, we already introduced
the Hamiltonian H,. We use the Hamiltonian to define the time translation. For the free field, take
a real test function § and define

p(f.1) = e (my(f) +my(f)") e
= e+ m(Eep” (6.25)

e(F)$2 = €5 . (6.26)
One recovers the standard creation operators by introducing
a*(f) = my((2w) /%) , and a(f) = a(f)" = m.(f)" . (6.27)

As a consequence of the commutation relations (4.97) for the operators mg and m¥, one sees that
the transformations a, a* satisfy

(o), @ (@)] = (F.9) sz, (6.28)
One can also write (6.9) as
[Ho, a*(§)] = a"(wf) . (6.29)
Thus the time-zero field can be written in its usual form,
Lo 1 —1/2
o) = 75 (a" @) +alw™ ) (6.30)
and the time-dependent field is
1 K0 itw, — —itw, —
wmwzyg@@tw”%+m6tw”%). (6.31)
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This field satisfies the equation of motion. One has
2
o2”

As w? = —V?% + m?, one has the distribution equation (6.1) w? = —V? + m?. Furthermore, the
initial data for the time derivative is determined by differentiating the representation (6.31) and
defining

(f,1) = —a* (™ (2w) 2W%) — a(e™ (2w)~1/2Ww%) (6.32)

ap) = 240

= \;5 (a*(wl/gf) — a(wl/Qf)) : (6.33)

The commutation relations at fixed time are

()o@ =~i(7.0) ., - and [p(f).0(@)] = 0= [x(7).7(g)] - (6.34)

6.2.1 Fields at a Point
We express a(f) as a density
a(f) = / (@@, and o (f) = / L (Df(T)d . (6.35)
The densities for a,a* are forms, not operators, which we deal with shortly in §6.5. They satisfy
[a(Z), a*(§)] = 6(Z - 9) , and [a(7), a(y)] = [a*(7),a"(§)] = 0. (6.36)

Exercise 6.2.1. Show that the bosonic number operator N° and the bosonic Hamiltonian Hy as
defined above agree with the ususal definitions,

N = / @ (Da(@)dF,  and Hy = / () wal@)d | (6.37)
With these densities,
PEA) = (e
- L (eit‘“a*(f) + e’it‘“a(f)) : (6.38)

V2w

6.2.2 Momentum Space Representation

We have a corresponding Fourier representation. Define
1 -

o - 1 )
a(?) = ——— | e*Ta(k)dk , or equivalently a(k) = 7/ e~ R (Z)dT . 6.39
@) = G [ e a(i) q v af) = o [ €@ (6.39)
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Then

*_’—71 —ik-Z % (1 *O\ 1 T Ny
a*(¥) = (27r)5/2 /RS e " a*(k)dk , or a*(k) = (27r)5/2 /Se a*(Z)dx . (6.40)

As a consequence of (6.36), these forms satisfy
la(k),a*(K)] = 6(k - ) , and [a(k), a(K)| = |a"(k),a"(K)] = 0. (6.41)

In the momentum representation, w acts as the multiplication operator w(/;) Then the representa-
tion for the field (6.38) takes the usual form

itw(fc')filg-g‘c’a*(ls) _’_efitw(l;)Jrik-x

a(k))dk . (6.42)

L1 1
50 = (o o V2u(F) (

6.2.3 Commutation Relation

The commutation relation for the free field is easy to commute, as the time dependence allows one
to express the field as a linear combination of creation and annihilation operators, see (6.42) that
satisfy the canonical commutation relations. Thus

[(p(f’ t)7 QOfly tl] = <QOa w(f’ t)(p(fla t,)QO> - <QUv 90(‘%”7 t’)‘P(fa t)QO>
= W—2)-W(@ —z)=Ax—-12"), (6.43)
where W (x — 2’) is the Poincaré-invariant generalized function

1
(27)®

Wz —2a') = / e~ Hh@=) 5 (k2 — m?)dk . (6.44)
kq>0
Note A(z) and W (x) are are both Lorentz-invariant generalized functions that are solutions to the

Klein-Gordon equation. (Do not confuse this A with the Laplace operator.) The solution W (x)
has the initial data

W(#0) = G(F) . and (aw

1

— | (7,0) = —=0(Z) . 6.45

i) (@0 = 5000 (6.45

where G(Z) is the Green’s function of (2w)™!(Z) introduced in (2.53). The solution A(z) has the
initial data

. 0AY o

A(Z,0) =0, and N (Z,0) = —id(Z) . (6.46)

If x — 2/ is a space-like vector, i.e. (x — 2’ )2 < 0, then there is a Lorentz transformation A such

that A(z — 2’') = 2’ — x. Clearly W(z) = W(Axz) is invariant invariant (in the sense of generalized

functions) so
[p(Z,t), o 1) = Az — ') =0, for (z—a')><0. (6.47)
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6.3 Imaginary Time Fields
The imaginary time field is defined by

o1(Z,t) = p(Z,it) = ¢ o(Z)e' o (6.48)

6.4 Compact Space
On the other hand, in case we use the compactified space equal to a torus T#, then we choose

H = 6_1(T*) (6.49)
where the one-particle inner product is

{(f:9)5_, pre) = <<2WT)_1/2 £, (Qwp) M2 g> (6.50)

L2(Rs)

Here 1o

wp = (_va + m2)
Likewise, if we work on a different one-particle space such as a lattice space, a section of a Riemann
surface, etc., we take the appropriate definition of H.

(6.51)

6.5 Forms and Number Bounds

In case of ordinary quantum field theory defined on Euclidean space R®, we take Hy to be the
Schwartz space

Hy = S(R?) . (6.52)

Then transformations such as (positive or negative fractional) powers of w, or e™* with ¢ > 0, map
Ho to Hy. Such transformations are determined uniquely as self-adjiont transformations on H by
defining them on this domain H,.

6.6 Poincaré Invariance

6.7 Locality

6.8 Wightman Functions

6.9 Reeh-Schlieder Property
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Chapter 7

The Fundamental Bound for Fields

Perhaps the most fundamental operator in a field theory is the Hamiltonian H, which we assume is
self-adjoint and positive. Stability of the Hamiltonian 0 < H is central to many aspects of physics.
Having a Hamiltonian, we turn to the field itself. The property of the time-zero field ¢(g) that
serves as a fundamental starting point is the key bound, comparing the the field ¢(g) with the
Hamiltonian H. The key bound provides the input to a robust machine from which one can derive
many desired properties of quantum field operators.

The key bound is not a consequence of the Wightman axioms for quantum field theory, nor of
the Osterwalder-Schrader axioms for Euclidean Green’s functions. The key bound is an additional
property that we desire as a starting point for our quantum fields. It is a property that we return
to in later chapters where we develop methods to ensure that the key bound holds.

In this chapter, we highlight why we want to establish the key bound, by showing that it ensures
a number of fundamental properties of the fields. For example, the key bound lets us pass from
fields that are forms to fields that are operators on Hilbert space. It also ensures that the field
operators are self-adjoint. The key bound ensures also that expectation values of all products of
field operators exist. In addition, the key bound entails that the fields are local in the sense that if
the commutator of two fields [¢(f), ¢(g)] = 0, then quantum mechanical observables depending on
the field ¢(f) commute with those depending on the field ¢(g).

We introduce the time-zero field as a form.! This means that we initially study matrix elements
of the field (or equivalently expectation values of the field) in states 2 that are “smooth vectors”
for the Hamiltonian H. This means that ) is in the domain of arbitrary powers H" of the the
Hamiltonian H, which we write Q € C*°(H).

1See §8.5 for the a full definition of forms, as well as for a discussion of certain properties of forms.
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92 CHAPTER 7. THE FUNDAMENTAL BOUND FOR FIELDS

7.1 The Fundamental Bound

We assume that the time-zero field ¢(g) is a form with domain C*°(H) x C*(H). The key bound
says:

+o(g) <H+ 1|, (7.1)

for all real g € C§°(R®) for which ||g||, < 1. In more detail, g is a test function g¢(#) with
Z € R* = R%!. The norm || - ||, is a norm that is bounded by some finite linear combination of
Schwartz space norms on S(R®).2 Define the normed space K as the completion of the set S(R?)
in the -norm. As the field is a linear function of g, so once we have shown that it is true, we can
substitute g/[|g||, for g. Thus the key bound (7.1) is also equivalent to the bound,

+o(g) <llgllx (H+1)|, (7.2)
for all real g € C§°(R?).
The key bound is equivalent to a stability bound for perturbations of H, namely
0<H+I1+e(g)], (7.3)

for all real g € C§° for which ||g|| < 1.

Example. The free time-zero, mass-m field and its Hamiltonian H = H, provide a useful guide.
One can find the exact lower bound of Hy + ¢(g), namely

Iy 2
0< Hy+ p(g) + §Hw g 2®e) (7.4)
where w = (—=V?2 +m?)!/2. Thus in the case of the free field one can take the norm || - ||, to be
Ly
9l = \/§HW I Lomsy (7.5)

and K the corresponding Sobolev space $)_1(R?). With our choice of normalization, ¢(g) satisfies
the bound (7.1) for ||g|| < 1.

In the particular case of spatial dimension s = 1, the Dirac measure 9, € K. Thus one can
choose g to be a real multiple A of §,, in which case the time-zero free field ¢(x) satisfies the key
bound

+Ap(z) < Hy+ 1, aslongas A\* < 4m (when s=1). (7.6)

2For example, as explained in §9.2 one can define the Schwartz space S(R?®) using the increasing family of norms
lgll,, = 1" [l 2(rsy, with h is the Hamiltonian of a homogeneous, unit-frequency harmonic oscillator on R®. In

other words, take

1 2
h_i( A+x s),

where A denotes the Laplace operator on R®, and where x € R®. In this case, S(R*) = C*°(h), and we assume that
there exists some n for which ||g[/, < [|g||,,- Then every function g € S(R?®) has finite norm ||g||,.
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7.1.1 The Fundamental Bound and Field Operators
The space-time field ¢(f) is

o(f) = / Gt o(D)e M f(7,0)dx . for fe CX(RY), with RE= RS | (7.7)

Clearly our assumption that the time-zero field ¢(g) is a form on the domain C*°(H) x C*(H),
ensures that the space-time field ¢(f) is also such a form. In fact C°°(H) is invariant under the
unitary group e~". Therefore define the sharp time field ¢(g®) for the test function ¢® equal to

g (@) = f(Z1) . (7.8)

This field is a form on the domain C*(H) x C*°(H), and the resulting form is a C'* function of t.
One can integrate this form over ¢ to obtain the space-time field o(f) = [ p(g®") dt.
Define a norm M (f) by

M) = [[g®cdt = [1r¢0lcde. (7.9)

Then for real f the space-time field obeys the primitive bound

to(f) S M(f) (H+1)|. (7.10)

The fundamental bound (7.1) allows us to pass from the form ¢( f) with domain C*(H)xC*>(H)
to an operator ¢(f) with the domain D(H). The requirement that ¢(f) determine an operator
requires a slightly more restrictive norm on f that includes one time derivative 9, f = 0f/0t. Define
the norm

LAl = M(f) + M(9.f)|- (7.11)
In the case of a product test function f = g ® h, namely f(z) = g(Z)h(t) with f = df /dt, one has

llg @ 2l = llgle (111 ey + 1 1o gey) - (7.12)

Theorem 7.1.1 (Field Operators). Assume that the time-zero field p(g) is a form on the domain
C>®(H) x C>*(H), and that v(g) satisfies the key bound (7.1). Consider the space-time field ¢(f)
as the form defined in (7.7). Then all the following hold:

i. Field Operators Exist. Let f € C5°. The form ¢(f) determines a unique field operator
o(f) with the domain D(H), whose matriz elements agree with those of the form o(f). The
field satisfies

le () H + D7 <11l (7.13)
The operator o(f) has a closure o(f)~. For real f the operator p(f) is symmetric.

ii. Essential Self-Adjointness. For real f the closure o(f)~ of @(f) is self-adjoint.
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i11. Locality. Let o(f)~ and ¢(g)~ be two such self-adjoint fields with real f,g. Suppose that

lo(f),e(g)] =0, as a form on C*(H) x C*(H) . (7.14)

Then the unitary operators generated by o(f)~ and ¢(g)~ also commute: both ¢(f)~w(g)
and ©(g9)"@(f)~ are defined and equal, and also

[eis@(f)*’eiw(g)*} -0. (7.15)

iv. Limiting Test Functions. Let f be any function with |||f||| < oo that can be approzimated
by a sequence f, € C§° in the sense that || f, — f|l| — 0. Then there exists a field operator
©(f) with the dense domain D(H) that satisfies the bound (7.13). The matriz elements of this
operator agree with the matriz elements of the form o(f). The operator o(f) has a closure.
If f is real, then p(f) is essentially self-adjoint. Such self-adjoint operators o(f)~ arising for
real f are also local in the sense of (iii) if in addition ||0;f]|| < oc.

Denote the resolvent of H 4 I by
RN =(H+I+)N", for A\>0, and R=H+I1)". (7.16)
Then for 0 < o
IRV < (14N, and  [(H+ 1RO <1 (7.17)

We approximate ¢(f) by oa(f), defined as

Pa(f) = AR 2o(f)R(N)2]. (7.18)

With this notation, we collect some useful bounds:

Lemma 7.1.2. Under the hypotheses of the theorem:

a. For any X >0, the form px(f) is bounded, and has with norm less than

lox(HII < AM(f) . (7.19)

Thus px(f) uniquely determines a bounded operator (which we also denote by wx(f)) and for
real f this operator is self-adjoint.

b. The bounded operators ox(f) and RY?p(f)RY? satisfy
IR (pa(f) = (f)) BRIl < 2(1+X)"2M(f) . (7.20)
c. The commutator [p(f), R(N)] is a bounded form on C*(H) x C*°(H), with a norm that obeys

I (f), ROV < (1+A) " M(0f) - (7.21)
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d. The commutator [go(f),R()\)l/Q} is a bounded form on C*°(H) x C*(H), with a norm that
obeys
|[e(D), ROV|| < (L4272 M(af) - (7.22)

e. The operator Ty(f) = (H + I)'/2ei) RY2 s bounded. The norm of Tx(f) satisfies

ITA(f)] < e3M@D (7.23)

Proof. The bound (a) is an immediate consequence of the primitive bound (7.10) and (7.17) for
a = 1/2. On the domian D(H) we derive the identity

5y = R/2 (] _ )\1/2R()\)1/2)
= (I+N2RMY2) T RV(I — AR(V))
= (I+XRNY?) T (H + DY2R() (7.24)

leading to the bound 0 < (] + )\1/2R()\)1/2)_1 < I and therefore,

163l < ROV < (142712 (7.25)
It follows that
R(pa(f) —(f) R = (RV2NVZRONY?) (RV2o(£)RY?) (RVPN2R(AY?) - Re(f)R
= =0y (RVPQ(f)RV?) (N2R(N)2RY?) + RV? (RV2p(£)R?) 6)(7.26)
Hence using (7.10) and (7.17),
IR (ex(F) = e(H) RI < 201+ N2 (f) (7.27)

as claimed.

In order to establish (c), use the fact that f is smooth and compactly supported. The domain
C>(H) is left invariant by the unitary group e . Thus we can differentiate the matrix elements
of the field on C*°(H) x C*(H), and use integration by parts to establish the identity of forms,

[H, o(f)] = 1p(0cf) - (7.28)

Furthermore
[o(f), R = RO [H, o(f)] R(A) = iR(A)p(9f)R(A) - (7.29)
Therefore one can use the bound (7.19) and the bound (7.17) to obtain

1 le(f), RO < [ ROV [ROVY2 00 ) ROV || ROV < (L+ ) M(2f), (7.30)
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as claimed.
In order to establish (d), use the representation

1o,
ROV)V2 = ;/0 NTV2R(A+ V)N | (7.31)

which is the relation (3.89) for & = 1/2. Hence one infers

1 oo / !
[P() ROV =~ [TNTR (), RO+ X A
71.' 0
- % / NV2RONA N)p(f) RN+ N)dN | (7.32)
0
Its norm can be bounded by

|leth), RO)7]| < iAWX*HWQ+AT”MW@+AT”w@ﬁRu+AT”H
X |[RO A+ N2y (7.33)

Using (7.17) and (7.19), one bounds (7.33) by
I[e(5), ROV < (i [T A )Y ) M) (7.34)

The identity (7.31) shows that the N-integral equals (1 + A\)~Y/2. Therefore (7.22) follows.

Now we turn to the proof of (e). One observes that the bounded operator ¢, (f) maps C>°(H)
to C*°(H), and as a consequence of part (d) of this lemma we infer that Sy(f) = (H + I)@A(f)R is
also bounded. Consequently (H + I)e®*) R equals the convergent exponential power series e5\f)
and

F(s) = (H+)"(eU) eSO (H + )12
RYZ 7o) (H 4 ) ') R/ for 0<s<1. (7.35)

Thus setting T\ (f) = (H + I)'/2e"$) RY/2 | this family interpolates between F(0) = I and F(1) =
Ty(f)*Ta(f), with the property that | F(1)] = [T3()]*

Compute the derivative of F(s) as a form on the domain C*(H) x C*°(H). This yields the
differential inequality,

dF(S) — —iRl/Q e—iscp/\(f) [SO)\(f) H] eistp/\(f) R1/2

ds ’
— _RY2misea(f) oA (OLf) eisea(f) p1/2

—RY2 g—isea(f) (H + ])1/2 R/? oA(OLf) R/? (H + ])1/2 cisea(f) p1/2

M(atf) RY/2 e—isea(f) (H + [) etsea(f) pl/2

M(3,f) F(s) . (7.36)

IN
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Here we used the identity (7.28) and the bound (7.19). We also used the property for self-adjoint
B that
+A*BA < ||B||A*A (7.37)

as a consequence Of
(v, A*BAY) < |IBIIAXI® = B (x, A Ax) . (7.38)

Take A = (H + I)Y/2 e ) RY2 and B = —RY?p(0,f)R"? to obtain (7.36). Integrating (7.36)
gives In(F(s)/F(0)) < M(0:f)s, so
F(s) = eM©@s (7.39)

and
ITA()]| = [|FQ)I'? < e2M@) (7.40)

as claimed. This completes the proof of the lemma.

Proof of Theorem 7.1.1 (i): Field Operators Exist. The existence of the bounded operator
©(f)R is equivalent to the existence of ¢(f)R as a bounded form. We obtain the desired bound on
©(f)R using (7.17), (7.19), and (7.22) in the case A = 0. In fact,

P(f)R = R'o(f)R'* + [o(f), R?| RV, (7.41)
SO

DRI < |RPe(HR| +][o(f). B B

<
< [BPe(nR ] + o). 27|
< M)+ M@ = ISl (7.4

This completes the proof of the form bound (7.13).

The bounded form ¢(f)R yields a unique, bounded operator ¢(f)R whose matrix elements
agree with those of the form, see Proposition 8.5.1. This existence of the bounded operator ¢(f)R
is equivalent to the existence of the unbounded operator ¢(f) with domain® D(H) = R((H +1)~".

The form ¢(f) has the adjoint form ¢(f). Applying the same argument to the adjoint form, it
determines and operator ¢(f) with domain D(H), and this is a restriction of the adjoint operator
©(f)*. Thus the adjoint operator is densely defined, and the original operator ¢(f) has a closure.

If f is real, then (f)* is an extension of ¢(f) itself, so ¢(f) is symmetric.

Proof of (ii): Essential Self-Adjointness. From (i) we know that for real f the operator ¢(f)
with domain D(H) is symmetric. Therefore its adjoint extends its closure, ¢(f)~ C ¢(f)*. In order
to show that ¢(f) is essentially self adjoint, we need to show the opposite inclusion, namely that

3Here R(T) denotes the range of the transformation T', namely the set of vectors R(T) = TD(T). If R(T) is
dense in ‘H, then the inverse of T exists, and 7! has the domain D(T~t) = R(T).
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the closure extends the adjoint, p(f)* C ¢(f)~. Concretely, we prove that: if Q € D(p(f)*), then
2 is in the domain of the closure of ¢(f),

QeD(p(f)), and also o(f) Q= (f)* Q. (7.43)

Let Q € D(o(f)*). In order to prove that 2 € D(¢(f)”), we need to approximate 2 by a
sequence of vectors in the domain of ¢(f). We choose AR(N\)S2 € D(H). We now show that

lim AR(A)Q=Q, and also /\h—{go C(IARN)Q = o(f) Q. (7.44)

A—00

These limits (7.44) mean that Q does have the properties (7.43), so the proof of essential self-
adjointness will be complete.

As a consequence of (7.17), we know |[AR(N)|| < 1 for 0 < A. Similarly as a consequence of
(7.22), we know that || [p(f), AR(N)] || < M(9.f) for 0 < A\. Now we prove that both sequences of
uniformly bounded operators converge strongly as A — oo, with the limits

st. im AR(A) =1 , st. im AY2R(\Y2 =1, and st. lim [p(f), \AR(\)] =0 . (7.45)

A—00

To establish the first limit, we use the uniform bound A||R(A)|| < 1 and show strong convergence
IAR(N)f — f|| — 0 for f in the dense set D(H). Then strong convergence on all vectors follows by
Proposition 8.7.1. On the domain D(H ), write

I—AR\)=(H+DH+T+N", (7.46)
so 0 <1 —AR(N\) <1, and also
I = ARSI < (L +X)H(H +Df]] — 0. (7.47)

Therefore we have established the first limit in (7.45). Likewise the second limit follows from the
representation

I—NPROY? = (T+X2RNY?) (I - AR(N)) . (7.48)
where 0 < A\Y2R(A\)Y/2 and therefore (I + Al/zR()\)l/2>71 < 1. Consequently for y € H,
(1= X2RO)Y)x| < (17 = AR =0, (7.49)

as A — 00.
To prove the third part of (7.45), consider vectors y € D(H'?), and use the representation
(7.29). Then

[p(f), AR(N)] x = iIAR(A, @(8, /)R R(N) (H + 1)'?x . (7.50)
Therefore,
e ARM X < ARV [ ROV 2o (f) RV IR || (H + 1)'2x
< (N2 @E+ DY -0, (7.51)
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from which we infer the third claimed limit of (7.45).

Now we return to the question of self-adjointness, and the proof of (7.44). The first limit in
(7.45) includes the first desired limit in (7.44), so we need only study the second claim in (7.44).
Assume Q € D(p(f)*) and choose an an arbitrary vector x € D(H). Then using the fact that o(f)
is symmetric, the following computation is valid:

06 e(HARMNQ) = (ARN)e(f)x, )
= (p(f)RAN)x, Q) + ((AR(N), ()] x; )
= (GCARN ()™ Q) + (0 [p(f), AR(N)] Q) (7.52)

Here we use the fact that the commutator [AR(\), ¢(f)] is a bounded operator and that it satisfies
ARA), ()] = [p(f), \R(\)]. Since D(H) is dense, we have derived an identity for vectors,

P(HARA)QL = ARN)@(f) Q2+ [0(f), AR(M] €2 . (7.53)

Now we can take the limit A — oo in (7.53). Using the two statements (7.45), we infer that
both sequences of vectors on the right converge, and that

lim (/AR(NQ = Jim ARW)@(f)'Q+ Jim [o(). AR Q= p(FQ.  (754)

A—00

This is the second desired limit in (7.44), so we have completed the proof that ¢(f) is essentially
self-adjoint on D(H).
Before proceeding to prove locality, we state separately some useful bounds.

Lemma 7.1.3. Consider real f with both |||f||| and [||0.f]|] finite.
a. The operator S\(f) = (H + 1)’ R is bounded. The norm of Sx(f) satisfies

1A (£ < el (7.55)

b. The approzimating unitary operators e**\) generated by oy (f) satisfy

| (e — eon D) Rl < 2((1+ X724 (14 X)772) M(f) el (7.56)

c. Assuming that o(f) and o(f) commute as forms on C*°(H) x C*(H), the approzimate fields
approzimately commute in the sense that

12 [2x(f), eal@)] BRI < (14 X7 (LA N1@eglll + Mgl A1) |- (7.57)

d. Assuming that (f) and ¢(f) commute as forms on C*(H) x C*(H), the commutator of the
unitary operators generated by the approrimate fields converges zero in the following sense,

|R[eiexD™ eser@ ] R| < (14 N7 (I ol + lglll o fll) elosM+iendi (7 58)
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Proof. In what follows we use the notation
U = Uy(f)8 = et )| for s €R. (7.59)

To establish (a) one performs a calculation similar to the proof of Lemma 7.1.2.e, with the interpo-
lation function

G(s) = RU\N(f)™ (H+D*Ur(f)* R, for 0 <s<1, (7.60)
for which
G0)=1, and G(1) = Sy(f)"Sx(f) < IS\(N]* - (7.61)
Here S\(f) = (H + I)Ux(f)R. Then
W) RO (oa(F). HIH + 1) + (H + Diga(5), H) Us(f) B

)oa
—RUNf)™ (A0 f)(H + 1) + (H + I)pa(0:f)) U(f)* R
= —RU\(f)"(H +I) (RoA(Ocf) + ox(0f)R) (H + I)UA(f)* R
210 £ G(s)

IN

(7.62)

where again we use (7.37), this time with A = (H + I)U\(f)*R and B = ¢(0;f)R + Rp(0,f). The
estimate of Theorem 7.1.1.1, namely (7.13), assures ||B|| < 2|||0:f|||, and hence we obtain (7.62).
Integrating this differential equality, we obtain the bound InG(s) < 2sl||0;f|||, from which the
estimate (7.55) follows.

We prove (b) use the interpolation function F(s) = RU;U,, *R to show that

1 dF
R(Uy—Uy)R :/0 dis>ds

= i [ RUL(er(1) — on () U} *Rds (7.63)
Part (a) of this lemma ensures that one can write
R(Uy~Ux)R=1 [ RUIH + DR (e:(f) ~ on (1) RUH + DU "R, (T.64)
and (7.55) then gives
IR - R < | IRUR(H + D IR (1(f) — ox (1)) RIL|(H + DUL*R| s

< R (oa(f) — ox(f)) R|| el (7.65)

)
Using the bound of Lemma 7.1.2.b, namely (7.20), we also have

IR (ex(f) —ox (DRI < (IR (ea(f) — () Bl + IR (o(f) — ox () R
< 2(@+NTPHa+ N M(f), (7.66)
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so we have established (7.56).
In order to establish (c), we use the first compute on the domain C*°(H) x C*°(H) and use the
fact that the forms ¢(f) and ¢(g) commute on this domain. Then

[oa(f), palg)] = AZllf(A)l/Qw(f)R(A) (9)R(N)'?
2R 2o(g) RN e(f)R(A)?
= AQ R(N)20(f) [R(N), (9)) RO
—NR(A)?o(g) [R(N), o(f)] R(A )1/2
= —iNR(N)20(f)R(A\)p(Big) R(A)?
+iIN RN 2o(g) RO (0 ) R(N)Y?
= —i(eA()er(0g) — or(9)r(0:f)) R(A) - (7.67)
One then has

R [oa(f); pa(9)] Rl IR (ox(f)er(0g) — ea(9)ex(0f)) R|| | ROV

L+ N7 (IR (@) Rl + [ Roa(9)ea(@ef)RI) - (7.68)

Use the bound on field operators (7.13) to obtain part (c¢) of the lemma, namely (7.57).
In order to establish (d), compute the regularized commutator using the interpolation function
F(s) = Ux(f)*Ux(g)Ux(f)' 5. This gives the representation

0.0t = [ as

— z‘/ol UA(f)? {%(f%UA(g)l_s} ds

= - /0 1 /0 U T 9) [oalF), oa(@)] Unlg) UA(f)~* dsdt . (7.69)

The estimate in part (f) of Lemma 7.1.2, namely (7.55), shows that U,(f)® maps D(H) to D(H).
Thus write (7.69) as

RIUN(f), U = [ [ RO+ D) (RUM9)'(H + D) (Rloa(7). ex(9)] B)
((H +DUx(9)''R) ((H + DUA(f)'*R) dsdt . (7.70)

IA A

Estimate this product using (7.55) and part (c¢) of the present lemma. Thus

IR @RI < [ [ IRUY( + DI [RUA9) (2 + D)

H (H + DUy(g HRH H (H + 1) UA(f)HRH
X |R[ex(f), ¢r(9)] R|| dsdt
el U2l | R (o0 (f), ea(9)] R
L+ X ULAN NSl + Mgl Noefll) elloerlliostl (7.71)

which is (7.58) as claimed. This completes the proof of the lemma.

<
<
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Proof of (iii): Locality. We begin by proving
st. im U(f) = U(f) = e (7.72)

We have shown in Lemma 7.1.3.b that weaklim ¢,(f) = U exists on the domain D(H) x D(H).
Since the U, are unitary, the strong limits also exist, see Proposition 8.7.3. Thus

st. limU,="U . (7.73)

To complete the proof of (7.72), we need to show that U = ()",
First note that the sequence of operators (p\(f) — ¢(f)) R converges strongly to zero. In fact,

(ea(f) =R = ((NROV)?)o(f) (N2RONY?) = o(f)) R
((W2RO)YZ) = 1) (N R) (N2 RO) )
+(p(f)R) (A2RN)?) = 1) (7.74)
The bound (7.13) of Theorem 7.1.1.i shows that ||¢(f)R| < ||| f]]]. Using (7.45), the strong limits

I—AY2R(\)Y2 — 0 and AY2R(M\)Y/2 — I both exist. Thus both terms in (7.74) have a strong limit
equal to zero. Hence

st.limpy(f)R = o(f)R . (7.75)

A—00

It follows that the bounded, self-adjoint generators ,(f) of the approximating unitary groups U;
satisfy

d -
%UfR:zU,\gok(f)R. (7.76)

Since the generator of U® agrees with ¢(f) on D(H), and ¢(f) is essentially self-adjoint on this
domain by Theorem 7.1.1.ii, we infer that U® = ¢***(/)” and (7.72) holds.
As the product of strongly convergent sequences is strongly convergent, also

U(f)U(g) = st lim U(f)Ux(9) , and U(g)U(f) = st lim Ux(g)Ur(f) - (7.77)
We need to identify show that these two limits are the same. From (7.58), it follows that

weak lim Uy (f)Ux(g) = weak lim Uy(g)Ux(f) - (7.78)

A—00 A—00

Since these operators are unitary, the strong limits also agree. Therefore

[U(), Ug)] = st lim [U3(), Us(9)] = weaklim [U3(/), U()] = 0. (7.79)
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Proof of (iv). Having established the bound on the field (7.13) f € C§°, we take limits.
Since o(f)(H + I)~' is linear in f, consider any sequence f, € Cg§° that is a Cauchy se-
quence |||fn — fuwlll — O converging to f. We obtain a Cauchy sequence of bounded operators
le(fu) (H + )" = (fu)(H + D)7 < [l fu = fwlll — 0, converging to o(f)(H + I)~" satisfying
the same bound. This determines ¢(f) with domain D(H). Essential self-adjointness then also
follows for real f. In analyzing the commutator of two field operators, we also required a finite

norm |||0; f]||-

7.1.2 The Fundamental Bound and Expectation Values
Proposition 7.1.4. Let f € S(RY). In this case the domain C*(H) plays a special role.
i. Invariant Domain. The operator ¢(f) maps C>*(H) into C*(H).

it. Regular Matrix Elements. The matriz elements of the field p(f) in vectors 1,y €
C*(H), can be written,

W) = (@, 0(F) by = [ (0, 0(@))y, f(@)de (7.580)

where
W (z) = (, o(z)Q),, € C°(RY) . (7.81)

iii. Distributions. If Q) € C*°(H), the expectation values of products of the fields in Q exist,

Wafts oo fn) = (@ 0(f1) -+ 0(fa) Qg (7.82)

as tempered distributions in S'(R"®). If Q is a zero-enerqgy eigenstate of H, then the W, are
called “Wightman functions.”

iv. Translation Invariance. Suppose that €2 is an eigenstate for the space-time translation
group U(I,a) (not only for the time-translation subgroup generated by H ). Then the W,, are
translation-invariant, namely

Wiz, ..o xn) =Wa &y, €nmt) where &, = x; — Ti11 , (7.83)

where the 2, are tempered distributions in S'(RM~D9).

Proof. Let Q € C(H). We show that ¢(f)Q € C*(H). Since

Ho(f)2 = o(f)HQ+1ip(0: )82, (7.84)

it is the case that ¢(f)Q € D(H). We argue by induction, assuming that ¢(f)Q € D(H’) for
1 < j < n. We show that ¢(f)Q € D(H™"!). In fact

H" M o(f)Q = H"(f)HQ+ H" [H, o(f)]
= H'"o(f)HQ+iH"p(0, ). (7.85)

Hence ¢(f)2 € D(H™).

Introduction to Quantum Field Theory 24 May, 2005 at 7:26



104 CHAPTER 7. THE FUNDAMENTAL BOUND FOR FIELDS

Introduction to Quantum Field Theory 24 May, 2005 at 7:26



Part IV
FEuclidean Fields

105






107

Euclidean fields are classical fields, dual to the one-particle wave functions f(z) on Euclidean
space R?, that we studied in §3.4.1. For example, the Euclidean scalar field ®(x) for x € R? is
a classical field. It is “classical,” in the sense that ®(z)®(2') = ®(2')®(x) for all x,2" € RYL We
will quantize to obtain the quantum field (&, ¢) analytically continued to imaginary time, namely
@I(‘a t) = @(f’ it)‘

So in this chapter we consider the bosonic field ®(f), where f is a function in the one-particle
space H = $)_1(R%)—as opposed to the one particle space §_1/2(R*™") of Chapter 6. In order to
distinguish the Hilbert space F°(H) from the one in Chapter 6, we denote the Euclidean Hilbert
space by

FEb = F' (9 1 (RY) . (7.86)

We obtain the zero-particle state Q§ = {1,0,0,...}, and the Euclidean bosonic field

O(f) =my(f) +my(f), for f € H_1(RY). (7.87)
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Chapter 8

Linear Transformations on Hilbert Space

A linear transformation on Hilbert space is the generalization to infinite dimensions of matrices
on CV. However a number of subtleties arise in the infinite dimensional case, and we deal with a
few of them here. The properties of certain linear transformations can be understood as limits of
finite-dimensional matrices, but others cannot. The simplest property of linear transformations not
encountered in finite dimensions is continuous spectrum of a self-adjoint transformation, which is
an intrinsic property of infinite dimensional Hilbert space. Here we do not attempt to present a
text on linear transformations. We only highlight some useful information.

8.1 Hilbert Space

A vector space H over the field of scalars £ (the real numbers R or the complex numbers C in our
examples) is a linear space with a scalar multiplication. In other of vectors f,g € H then f+g € H
and if A € € then A\f € H. A hermitian scalar product is a positive definite map (f, g),, from H x H
to C that is linear in the second factor and conjugate linear in the first. Thus means that for all
[eR,

0<{(f,f), with (f, f) =0, ifand only if f =0, (8.1)

and for all f,g,h € H and X € ¢,

The scalar product determines a norm || f||,, = (f, f>%2

A Hilbert space is a vector space with a scalar product that is complete in the corresponding
norm. In other words in a Hilbert space every Cauchy sequence converges. This means that if a
sequence of vectors f,, € H satisfies the Cauchy convergence criterium || f,, — fi|| — 0, asn, m — oo,
then there is a vector f € ‘H such that ||f, — f|| — 0.
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Examples.
i. The spaces RV and CV are Hilbert spaces with the usual scalar product, (f,g) = X, f7g;.

ii. The space £? of square summable sequences f = {f; : j € Z} is a Hilbert space with the inner
product (f,g) = Y ez f;95-

iii. If p={p; >0:j € Z,} is a positive sequence, then sequences f = {f; : j € Z, } is a Hilbert
space £*(p) with inner product (f,g) = ez, f;9;0;-

iv. The space of functions on R¥ that are square-integrable with respect to the strictly positive
measure dv is a Hilbert space L?(RY;dv) with inner product,

oD = [, @) gla) dula) (8.3)
In case dv(x) = dx is Lebesgue measure, one writes simply L?(RY).

A linear subspace D of H is dense in H if every element f € H can be approximated by a
sequence of elements f, € V. A subset Dy of H is said to be a basis for H if the linear subspace
generated by elements in Dy is dense in H. The dimension of H is the smallest number of vectors
that comprise core for H, which may be finite or infinite. A Hilbert space is said to be separable if
it has a countable basis. The Hilbert spaces that occur in this work are all separable Hilbert spaces.

The Riesz representation theorem states that a Hilbert space H is isomorphic to its dual. In
other words, every continuous linear function F(f) from H to C can be represented by the scalar
product with some vector x(F') € H, F(f) = (x, f)x-

8.2 Operators
We use the word operator to denote a linear transformation on H. On a finite dimensional Hilbert
space, an operator maps all of H into H; it is represented by a matrix. In infinite dimensions, a linear
transformation may not be defined on every vector in H. Thus specifying a linear transformation
T means giving both

e the domain D(T") C ‘H which is the linear subspace on which T is defined, and

e the range R(T') composed of the values T'f for f € D(T).

One says that T is densely defined if D(T) is dense in ‘H. Let T and S be operators. One says that
S extends T if D(T) C D(S) and Tf = Sf for all f € D(T).
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Operator Norm. The norm of an operator 7" on the Hilbert space H is

T
170, = sup ILS Dt (8.4)

repy Ifllx

An operator is called bounded on H if || T'||,, < co. A bounded operator is continuous, in the sense
that if f,, € D(T) converge, namely || f, — f|l,; — 0, then T'f,, also converges. Linearity of 7" shows
that continuity of 7" as a transformation on H is equivalent to boundedness of T

The Adjoint. In case that T is densely defined, T" uniquely determines an adjoint transformation
T*. Suppose that for a vector g € H there exists a vector xy € H such that for all f € D(T),

We want to say that
g€ D(T"), and T"g = x . (8.6)
But this makes sense only if the identity (8.5) determines x uniquely; otherwise could assign different
values to T*g. Suppose two vectors xi, x2 exist, both of which have the property (8.5). Then
(X1 — X2, f)y =0, for all f € D(T). We assumed that D(T') is dense. And every vector orthogonal
to a dense set of vectors is zero. Therefore y is unique, and the relation (8.6) does define T*.
For a bounded operator T" with an adjoint 7™,

1Tl = Nl = 17T 2 (8.7)

Furthermore, the matrix elements of 7" can be used to calculate the norm of 7. The expression
(8.4) equals
(9 Tf )44l
IT[l3; = sup i
raer 19l fllx

A densely defined, bounded operator always has a closure, and T~ = T"**. A bounded operator
on L*(RY;dv) can be represented as an integral operator,

(Th)(@) = [ T(@,9)fW)dv(y) (8.9)

The function T'(x;y) is called the integral kernel of 7.
The adjoint T of T has the integral kernel

(8.8)

T*(z;y) =T(y; @) . (8.10)

Integral kernels on L*(RY; dv) compose with the rules of matrix multiplication,
(T8)(wy) = [ T(;2)S(z9)dw(z) (8.11)
If T is translation invariant, then T'(x;y) = T'(z — y).
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Symmetric Operators. An operator 1" is symmetric if T is densely defined, and T* extends T
In other words, D(T") C D(T*), and

(f,T9)3, =(Tf,9)5 , for all f,g € D(T) . (8.12)

Every symmetric transformation 7" has a densely defined adjoint, because the adjoint is an extension
of T'. Thus every symmetric operator has T" uniquely determines its double adjoint 77*.

Exercise 8.2.1. Suppose that'T" is a symmetric operator. Show that T** extends T. In other words,
show that D(T) C D(T**), and that for all f € D(T), one has T™*f =T f. (Warning: it may not
be the case that T is symmetric nor that T** extends T*.)

Self-Adjoint Operators. A symmetric transformation 7' is self-adjoint if T'=T*. A symmetric
transformation is essentially self-adjoint if T adjoint is self-adjoint, or T = T**. If T is essentially
self-adjoint, it uniquely determines the self-adjoint operator 7.

A self adjoint transformation 7 is the infinitesimal generator of a unitary group e**?, where s is
a real parameter.

If T is a bounded, self-adjoint operator on L?(RY), one has a useful bound on the norm ||T,,
in terms of its integral kernel. Let

Il =sup, [ 1T Gp)ldv(y) (8.13)
Proposition 8.2.1. Let T be self-adjoint on L*(RY; dv) with integral kernel T(x;y). Then
1T]l3¢ < T - (8.14)

Remark. If T is not self-adjoint, then a similar relation holds, see Proposition 8.4.1. This bound
may be optimal: for example in the case that T is the approximate identity 7. on L?*(RY) defined
by the integral kernel

1

—(z—y)?/4e 8.15
(47T€)N/2€ ) ( : )

T.(z3y) =

then
ITell 2 = I1Tell o = 1 - (8.16)
On the other hand, consider the rank-one operator T with integral kernel T'(z;y) = x(x)x(v),
where x € L*(R™). Then T has operator norm ||T|,;» = ||x||;2- But in case xy ¢ L', the norm

7], 1s infinite.
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Proof. The expression (f,Tg);- (RN :qy) CAI be bounded using the Schwarz inequality as

[ F@T @ y)g(y)dv(@yiviy)

< [ @IT @) 1T )] ()| dv(e)dv(y)

‘<f> Tg>L2(RN;dV)

< ([1@PIT@dv@aw) ([Tl @)
(/ )
< (Ju@ra)” (s [ e plaw)”
<(f1awrarn)” (s | |T<x;y>\du<x>)l/2
= ||T||oo,1||f||L2(RN;du)||9||L2(RN;du) : (8.17)

In the last equality we use (8.10) to identify |T'(x;y)| = |T(y; x)| for self-adjoint T, so

1/2
Tl = (s00 [ 17ty sup [ 17 @slavta)) 8.13
If T" were not self-adjoint, we would use (8.42) to define the norm || T ;.

The Closure of an Operator. A symmetric operator 7" uniquely determines the operator T**
extending 7. In general, an operator 7" may uniquely determine some extension of itself. This
extension is called the closure T~ of T'. In the case of a symmetric operator the closure is T~ = T™**.

The closure in general is defined as follows. Suppose that the two sequences f, € D(T') and
Tf, € R(T) converge to f € K and g € K respectively. Then the domain D(7~) of the closure 7'~
in includes f, and T~ f = g. However, it could be the case for an unbounded transformations T,
that f, — 0, but T'f,, /~ 0. Were that to happen, one cannot define the operator T~. So we have
the warning: An arbitrary linear operator T" may not have a closure.

Exercise 8.2.2. Consider the Hilbert space H = L*(R), containing the dense subspace Dy of C*
functions that are compactly supported. (The function f is compactly supported if f = 0 outside
some bounded region.) Let Q € K be a fived unit vector. Define the linear operator T with dense
domain Dy by

Tf=f(0). (8.19)

Show that T does not have a closure T .

The Graph of an Operator. The direct sum K = H; & Hs of the Hilbert spaces Hi, Hs is a
Hilbert space K = H; & H,, with scalar product

([1® f2, 01 ® g2) e = (f1, 91)9g, + (f2, 92) 9y, - (8.20)
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It is often helpful to think of the operator T in terms of its graph G(7'), namely the set of pairs
{f,Tf}, where f € D(T) and Tf € R(T'). The graph G(T') can also be regarded as a subset of the
Hilbert space K = H @ H. In fact, it is a linear subspace of I, for if {f, T'f},{g,Tg} € G(T), then

{f T} +49.Tgt ={f+9.T(f+9)} € GT).

Any linear subspace V of a Hilbert space K has an orthogonal complement V+. This is defined
as the set of vectors x € IC such that (x, f),, = 0 for all f € V. The orthogonal complement
V4 of V is always a closed subspace. For if x,, € V* and x, — ¥, then for any f € V, one has
(X f)e = limy, (xn, [)x = 0. The closure V™ of the linear subspace V € H is V— = V++. Therefore

G(T) =G(T)*+. (8.21)

Is G(T')~ the graph of an operator? If so, this operator is the closure of T', and G(T')~ = G(T7),
in agreement with the usual definition of the closure of T'.

Equivalently, not every linear subspace of K = H @& H is the graph of a linear operator on H.
The closure G(T)~ = G(T)*+ C K always exists, but G(T)~ = may not happen to be the graph
of a linear operator.

Proposition 8.2.2. If T and T are both densely defined, then T has a closure T~ and
G(T™)=G(T)” =G(T)**+ = G(T™) . (8.22)
Proof. One can relate the properties of G(T~) to properties of G(T')*. In fact,
G(T)r = {{-T*x,x}: for x € D(T*)}. (8.23)
One see this because G(T)* = {x1, x2}, where the vectors x1, x2 have the property

0o Th = — (u, fl . forall feD(T) . (8.24)
This means x2 = x € D(T*) and x; = —T*.
We ask whether G(T')* is the graph G(S) of an operator S? If that is the case, then D(S) =
R(T*) and
STy = —x, (8.25)
for all y € D(T™*). In other words, if T* is densely defined, then ST™* is densely defined, and in that
case S = (=T*)7".
We would like to apply the same reasoning to ask whether G(T')1~ is the graph of an operator

U? Then one needs to know that S* is densely defined, which means we also need to know that S*
is defined at all, namely that D(S) = R(T™) is dense. In that case

US*f=—f, (8.26)

for f € D(S*). Then U = (=S5*)"' = T**. Thus we conclude that if G(T)** is the graph of an
operator, then

G(T)*+ =G(T™) . (8.27)

Since G(T') is a subspace of K, it is the case that G(T')*+ = G(T)~. Furthermore we have checked
above that if G(T')~ is the graph of an operator, then it is the graph of 7'~.
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8.3 Self-Adjoint Operators

We often are interested to know whether a given operator is self-adjoint or essentially self adjoint.

Criteria for Self-Adjointness A closed, symmetric transformation 7" with dense domain D(T")
is self-adjiont if any of the following hold:

e D(T) contains an orthonormal set of eigenvectors for 7.

e The range of T+ is IC, or (T'£ i) D(T) = K. (In other words, T has neither —i nor i as an
eigenvalue.)

o If I < T on D(T) x D(T), and TD(T) = K.

Criteria for Essential Self-Adjointness A symmetric transformation 7" with dense domain
D(T) is essentially self-adjiont if any of the following hold:

e (I'+£i)D(T) are both dense in K.
o If ] <T onD(T)xD(T), and TD(T) is dense in K.
e D(T) contains a dense set of analytic vectors for T (and conversely).

We make two remarks about these criteria. If the range of 7'+ ¢ is not dense in I, then there
is a vector x orthogonal to this range. Then (x, (7 +i)f), = 0 for all f € D(T). In particular,
according to (8.6), x is in the domain of (7'+4)* and (T'+i)*x = 0. Thus chi is an eigenvector of
T with eigenvalue i. The dimension of the eigenspaces +i of T are known as the deficiency indices
of a symmetric operator T', and T is essentially self adjoint when both deficiency indices equal zero.
In certain cases where T is a differential operator, this criterion can be studied directly by solving
the differential equation 7% f = if as an equation for a generalized function f which ultimately to
be an eigenvalue must lie in .

Secondly, a useful criterion to show that a transformation 7" has a dense set of analytic vectors
is to compare T" with another operator for which this is known. For example, any eigenvector is
an analytic vector. One might choose to compare T" with an operator S which is known to be
self-adjoint. The following criterion of Nelson is sufficient. There is a condition depending on the
size of multiple commutators between T and S, sometimes written in terms of the operation Adr,
where

Adr(S) = [T, 5] . (8.28)

8.3.1 Analytic Vectors

Given T and S, the operator T'S has a domain that consists of all vectors f € D(S) such that
Sf € D(T). And in this case (T'S)f = T(Sf). Similarly, a vector f is said to be in C*(T), if
feD(T") for alln € Z,.
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A vector f € C*°(T) is said to be an analytic vector for T, if there are finite constants a, b such
that for all n € Z,,
N1T" flc <ab'n!. (8.29)

Proposition 8.3.1 (E. Nelson’s analytic vector theorem). Let S be self-adjoint, let C*°(S) C
C>®(T), and let TC*(S) C C*=(S). Suppose that

1T < collSTIl (8.30)

and also that there are constants ¢, such that for all f € C*(S),

[AdZ(S) [Nl < callSSIl 5 forall n>1, (8.31)
with
00 Cn
— " 8.32
nz:% n ( )

converging for |t| sufficiently small. Then every analytic vector for S is an analytic vector for T.

8.4 Operators between Different Hilbert Spaces

Many of the concepts about operators extend to linear transformations 7' that map a domain in
the Hilbert space H; into a Hilbert space Ha,

T: Hl — Hg . (833)
If D(T) is dense in Hy, then the adjoint transformation
T HQ — Hl y (834)

is defined with the domain D(T™) is the set of vectors g € Hy for which there exists x € H; such
that

(0T )y, = (6 Py » forall feD(T). (8.35)
In this case T*g = x. The norm of T is
1T I,
17Ny, = Squ T X (8.36)
ffe;ﬁol Hi
It also equals
<g7 Tf)’)—{
A/ ——— L0.71| (8.37)
reris gl 111,
gEH
f,97#0
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Example. In case H; = H and Hy = C, the operator T is a continuous linear functional, and
by the Riesz representation theorem it is represented by T'f = (x, f),, with [|[T'];,_c = x|l
Furthermore 7% maps A € C into

TA=AeH,  withnom |T%c_y = [Tlhc = Ixlhy (8.38)
Furthermore, T*T' is a rank one operator on H,
T*Tf=x(X [y while TT*X = (x, X)3 A - (8.39)

In the further special case that H = L*(RY;dv), then the operators T, T*, T*T, and TTx are
integral operators with integral kernels

T(r;y) =x(y), T (x;9)=x(2), (T"T)(z;y)=x@)x(y), and (TT)(z;9) = (X; X)% -
(8.40)
Since T*T has rank one, ||[T*T'|| =T = Tr(T*T) = (X, X)4,- In other words, when T : H — C, the
operator norm ||T|,,_c equals the L?*(RY, dv)-norm (sometimes called the Hilbert-Schmidt norm)
of its integral operator kernel.
One can establish the bound on the operator norm of an operator

T:Hy, — Hy, where H; = L*(RY:dv) , and H, = L*(RY;dv') , (8.41)
generalizing the case Hy, = Hy of Proposition 8.2.1. Let
1/2 1/2
Tlaw = (spcan [ T@oldnty))  (supyes [, IT@p)ldv'@) . (342)

We follow the proof of Proposition 8.2.1 with minor modification to obtain,

Proposition 8.4.1. An operator T mapping between L* spaces of the form (8.41) has a norm
bounded by the norm (8.42),
T3,y < 1Tl - (8.43)

8.5 Forms

We use the word form to mean a map from H; ® Hs to C that is linear in Hs and conjugate linear
in H;. is a transformation 7" from H; ® Hs to C, which is linear on Hs and anti-linear on H;. If T'
is an operator from Hy to H; with domain D(T'), then the matrix elements of T, namely (f1, T f2),
define a sesqui-linear form on H; ® Hsy with domain H; @ D(T),

T(feg) = {fi,Tf) (8.44)

However, there are many sesqui-linear forms on H;®Hs that are not the matrix elements of operators
from H; to Hs. For example, with H; = Hy = L*(R), the delta function §, is a sesquilinear form
with domain C§° ® C§°, namely

0. (f®@g) = flx)g(x) . (8.45)
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The norm [|T'[[;;, 4, of the sesqui-linear form 7' is defined as

Tl — sup 19T |
Hi®@H2 eHl ||g||H2||f||H1
fg7ﬁ0

(8.46)

namely exactly the same expression as the norm of a bounded operator T" from H; to Hs in (8.37).
The form T is bounded, if ||T'[;; o4, < o0. The following elementary result is a form of the Riesz
representation theorem.

Proposition 8.5.1. Let T be a bounded form on H, ® Hs. Then there exists a unique, bounded
operator T from Hi to Hs such that the values of the form T equal the matriz elements of the
operator T given by (8.44).

8.5.1 The Graph of T'
The graph G(T) is a linear subspace of H; & Ho,

G(T)={f®Tf: where f € D(T) CHy and Tf € R(T) C Ha} . (8.47)

8.6 Trace

We consider the trace Tr of a positive, bounded operator T" on H. Let {e;}, for j € Z,, be an
orthonormal basis for H. Define

=> (e, Tei), (8.48)

=0

If Tr(T') < oo, one says that T" is trace class.
Proposition 8.6.1. When the a positive operator T is trace class, Tr(T') is basis independent.

Proof. 1In order to establish basis independence, suppose that {f;} is a second orthonormal basis.
We show that Tr(7") also equals (8.48) computed in the f-basis. Since 0 < 7', the sum (8.48) is
increasing and existence of the trace means that Tr(7") < oo and
N
Te(T) = lim Y (e;,Te;),, - (8.49)

Nﬂool 0

Also as T is bounded, so

<€i7T6i>H = ii euf] f]ank>H<fk7€i>H

= hm ZZ ezvfj f]vak>’H <fkaei>7-[ ) (850)

]Ok:O
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and the truncated sum oven j, k is positive for each i. Thus one can sum (8.50) over ¢ with N fixed,
and the increasing series converges on the left to Tr(7) and on the right using the fact that the
{e;}’s and the {f;}’s are both orthonormal bases, we obtain

N 00
Jlim. Z i Thiday =S 5 Ty, - (8.51)
Jj= 7=0
This equals the sum on the left of (8.50), so
=2 S Tfidy (8.52)
7=0

and the trace is basis independent.
In case the trace of positive T' is computed in a basis of eigenvectors, then

T)=2% (8.53)

where \; are the eigenvalues of T'. The converse is also true; if a positive 7" is trace class, then T
has an orthonormal basis of eigenvectors and (8.53) holds.

If T is bounded but not self-adjoint or positive, then 7" has a polar decomposition 7" = U|T,
where 0 < |T'| is the absolute value of T', defined as the positive square root of the self-adjoint (and
therefore diagonalizable) operator T*T. In other words, |T'| = (T*T)"2. The operator U has the
property that U*U and UU* are projections onto subspaces of H. Unlike the finite-dimensional
case, the operator 7%, and hence U*, may have null vectors even if 7" has none. If |T'| is trace class,
then Tr(7") defined by (8.48) exists and is basis independent.

8.7 Convergence of Operators

If T}, is a sequence of bounded operators from H; to Hs, one is often interested to check that the
sequence has a limit 7. But there are several different criteria for convergence; different criteria are
useful in different contexts. They also have very different consequences. We mention several criteria,
that just happen to be ordered in strength. We start from the strongest notion of convergence and
progress to the weakest.

8.7.1 Convergence Based on Traces

Here we restrict attention to the case T': H — H. Furthermore we suppose that 7" has pure discrete
spectrum. (This is a big restriction. For example, it only applies to a Hamiltonian for a system in
a finite spatial volume.) However this is often a useful approximation, or intermediate step. And
in a finite volume, the trace enters in a natural way in the definition of a “finite temperature state”
given by the normalized exponential distribution p = 37'e™®# where 3 is a normalization constant
chosen so the distribution p has unit trace. The trace gives a basic norm, of which there are useful
variations, the Schatten norms.
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Schatten Norms. The Schatten norms of 7" are defined by the trace of powers of the absolute
value |T| = (T*T)'/2. For p > 1, these norms are

1/p
I, = Tx(|T")"/? = (Z A”) , (8.54)
where {);} are the eigenvalues of |T'|. For T' # 0, one can write for M = ||T||,,, that

171, = (8.55)

But |T'|/M has a finite number of eigenvalues equal to 1, and all the rest in the interval [0,1). This
makes it clear that ||T|, is a strictly decreasing function of p > 1,

TNy, > 1T, > [Tl = M, for p<p’. (8.56)
Hence if some I, norm of T is finite, then
1Tl = Jim 1711, (8.57)
One says that T,, — T"in I, if T,,,T € I,, and
T}Lrgo T — T||Ip =0. (8.58)

Furthermore, all Cauchy sequences converge in I, so if |1, — T}, 5, is a Cauchy sequence, then
there exists 7" such that 7,, — T in [,. This is a very restrictive type of convergence, the most
restrictive for p = 1. However in finite, fixed volume situations it is often the case that sequences
of partition functions 3, = Tr(e %) do converge to 3 = Tr(e #H).

8.7.2 Uniform Convergence

The limiting (and weakest) case p = 0o of convergence in the Schatten norms is convergence in the
operator norm. This is also called uniform convergence,

|7 =Tl — 0. (8.59)

All Cauchy sequences converge in the operator norm. While less restrictive than convergence in a
finite Schatten norm, uniform convergence is still quite restrictive.

Examples. Uniform limits of finite rank operators are compact: namely they have pure discrete
spectrum and all eigenvalues have finite multiplicity. Uniform convergence of a unitary group e
to I as t — 0 ensures that the self-adjoint generator of the group H is bounded. However, if A and
B are bounded, then

lim HeAJrB — (eA/"eB/")nHH =0. (8.60)

n—oo

One can substitute A — itA, B — itB with the new A, B both self adjoint. Then (8.60) gives
a product of the one-parameter unitary groups e*4 and e*? generated by A and by B, yielding a
group eA+B) generated by A + B.
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8.7.3 Strong Convergence

A sequence of bounded transformations {7,,} converges strongly to T, if

ITf = Tflly =0 (8.61)
This is the operator analog of pointwise convergence of functions, as the T}, converge at each point
in H.

Proposition 8.7.1. Let {T,,} be a sequence of operators that is uniformly bounded, ||T,|,, < M
with M independent of n, and for which

T.f—=Tf, (8.62)
for every f in a dense subset D C ‘H. Then T, converges strongly to T'.

Proof. This is a “3€¢’-argument. Given ¢ > 0 and f € H, one can choose and g € D with
Mg — flly < e Thus |T,(9 — f)|l; < €, with the bound independent of n. Furthermore, our
assumption is that 7},g converges, namely T,,¢g is a Cauchy sequence. Thus there exists ng such that
when n,n’ > ng, then ||(T}, — Tp») g, < €. For n,n' > ng, write

(Tn =Tw) f=Tu(f —9) + (T = Tw) g+ Tw(g — f) - (8.63)

Then
(T = Tor) fllyg < Nl = 9y + (T = Tor) gllpg + [T (g — F)llp < e (8.64)

Hence T, f is a Cauchy sequence for an arbitrary vector f € H.

Proposition 8.7.2. Let T,,,'T be a sequence of self-adjoint operators with a common dense domain
D, such that T,, T are all essentially self-adjoint on D. If

st.imT,x =T, forall x €D, (8.65)
then . .
st. lim et — et (8.66)

Proof. Since T}, is self-adjoint, e is unitary and strongly continuous in s for real s, and strongly
differentiable on the domain D. For y € D,

d . .
et = i T (8.67)
and
. 1
Ty =y + z/ ST v ds (8.68)
0
Thus

) . r, . )
ezTnX o elTX — Z/ (estnTn . estT> de
0
1 . ‘
= z/ eI (T, — T)x + (e”T" - e”T) Txds . (8.69)
0
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Trotter Product Formula

8.7.4 Weak Convergence

Proposition 8.7.3. Weak Convergence of Unitaries Ensures Strong Convergence Let T,
be unitary operators on H, and let D C 'H be a dense subset. If the matrixz elements (x,T,x) are a
convergent Cauchy sequence for all x € D, then then there is a unitary T such that

st. im7,, =T . (8.70)

n—oo

Proof. First note that the hypotheses ensure weak convergence of T},. Let o range over the fourth
roots of unity, {£1, £i}. The polarization identity

(0S%) = 1 27 (x+ 06, S(x+ 0v)) 8.11)

shows that convergence of expectations ensures weak convergence. Furthermore, convergence of
expectations of unitaries on a dense set ensures convergence of expectations. For if 2 € H then
given € > 0, there is a vector xy € D such that ||x — Q| < e.

Thus For unitaries, the norm ||(T}, — T) f||* = 2

8.7.5 Graph Convergence
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Chapter 9

Fourier Transformation

The Fourier inversion formula is central to quantum theory. Here we establish this formula. Define
the Fourier operator § on RY by

31 0) = s [ H) e e (0.1)

With (I1f)(x) = f(—=z), the Fourier inversion theorem says § ! = IIF, namely

1

W N f(p) ere dp . (9.2)

(37) @ =

9.1 Fourier Transforms on 2

Proposition 9.1.1. The Fourier operator § is unitary on L*(RY;dx). In other words,

3F=385=1|. (9.3)

Also,
§ =15 . (9.4)

Remark 9.1.2. We establish the Fourier inversion theorem in three steps.
1. We reduce inversion on N-dimensional Euclidean space RN to inversion in the case N = 1.

2. We show that the correctness of the Fourier inversion theorem on R is equivalent to the
statement that the normalized eigenfunctions of the “harmonic oscillator” Hamiltonian H are
an orthonormal basis in L*(R).

3. We show that the normalized oscillator eigenfunctions are an orthonormal basis as desired.
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e As a byproduct of this argument, one finds an elementary relation between Fourier transfor-
mation §, the reflection 11, and the oscillator Hamiltonian H = % (—% + 22 — 1). Namely

[l =™ and T =eimH/2) (9.5)

One could also write the second relation in the more provocative form § = II'/2, but the
convention of choosing which square root comes from (9.5).

Proof. Step 1: Reduction to One Dimension. Since the complex measure

N
e Py = 11 e Pitidy; (9.6)

J=1

the Hilbert space L?(R”) is the N-fold tensor product of L*(R). If we establish the N = 1
result, then the N-fold tensor product of operators § ® § ® --- ® F is unitary on L2(R"Y) with the
corresponding tensor-product inverse.

Step 2. Relation to the Oscillator. Consider the operator

1 d

on L*(R) with the dense domain D(a) of C*°, rapidly decreasing functions with rapidly decreasing
derivatives. Then D(a) C D(a*) and on the domain D(a),

. 1 d « 1 d’ 2
a:21/2<]}—dl’>7 and H:(ICL:2<—dx2+x_].> (98)

Here H is the quantum mechanical “harmonic oscillator” Hamiltonian, and in terms of the momen-
tum p = —id/dz, one writes H = 1 (p* + 2% — 1).
We claim that the set of eigenfunctions of H and of § coincide. The elementary example is the
function
Qo = 7T—1/46—:1;2/2

7 (9.9)

in D(a). This vector is a normalized null vector for a, namely a2y = 0. We infer that € is a null
vector for H. Furthermore (), is an invariant vector for §, namely

1 o0 2 . 1 o0 32
() (p) = @) LOO ey = <(27r)1/2 [m et ﬂdi”) Qo(p) = o(p) . (9.10)

We claim that the operator a* has the following commutation relations on the domain D(a),
[H,a"]=a", and Sa*=—ia"§ . (9.11)
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The first relation (9.11) is a consequence of
la,a*] =1 . (9.12)

For the second, one observed that the definition (9.1) and integration by parts ensures that
—3d/dr = —ipF, where p denotes multiplication by the coordinate p. Likewise §z = id/dp§.
Therefore we infer from (9.8) that

d d
Fa* = 2712% <x — dx) =271/2 (idp — ip) F=—id"F . (9.13)
As a consequence, for n € Z, the vectors
1 *1
Qn = n!1/2 a QO y (914)

are orthogonal eigenvectors of both H and § with eigenvalues n and (—i)™ respectively. In fact, the
commutation relation (9.12) ensures that these vectors are orthonormal.

Hence we conclude that if the set of eigenvectors {2, } are an orthonormal basis for L?(R), then
$ is a unitary operator with spectrum +1, 4, that H is a self-adjoint operator with spectrum Z,
and that the relation (9.5) holds.

Furthermore the reflection operator II satisfies Ila* = —a*Il. Therefore 112, = (—1)"Q,, so on
the eigenfunction €2,, one has the identity

IT = e*mH (9.15)
Therefore, one also infers that if the functions {€2,} are a basis, then
F* = 12 = pmimH/ 2 o] [ (9.16)
The functions Q,(x) are the normalized Hermite functions; they have the form,
Qn(z) = 272017 Y2 H, (2)Q(2) | (9.17)

where H,(z) is the usual Hermite polynomial of degree n. From the relation (9.14) one sees

Qu(z) = (=1)"g~ V422112 (j — a:) e 2 (9.18)
i
and therefore g
H,(z) = (—1)"6902% e (9.19)

One can read off from the representation (9.19) that

@n)!"? 1
onpl T pl/a

Hy,1(0) =0, and H,,(0) = as n — oo . (9.20)
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We also wish to introduce the generating function G,(x) for the Hermite polynomials. For a
complex parameter z define

— Z" —2242zx
G.(z)=> ﬁHn(:c) = * T (9.21)
n=0 """

We evaluate the series for G (z) using (9.19) and the fact that e=*" extends to an entire function
of z, yielding the right side of (9.21).
For fixed z, define the function

1 —224220—22
F.(z) = G.(2)Q(z) = —7a¢ +2ee—at/2 (9.22)
has a square-integrable dependence on the variable x, as a consequence of the Gaussian decrease of
Qo(z). Thus for fixed z, the function F,(z) defines a vector F, € L*(R). This vector has a power
series expansion in z, which one can interpret as a generating function for the eigenfunctions €2,,.

Using (9.17) and (9.21) one has,

ooy (V2

’ n=0 m
Since each 2, is a unit vector in L*(R), the sum (9.23) converges as a series of vectors in L*(R) for
all z € C. In other words, F, is an entire function from C to L?(R). In particular, for any vector

x € L?(R), the function

Q, € L*(R) . (9.23)

F.() = (X Fe) ey (9.24)

is an entire function of z in the ordinary sense.

Step 3. The Oscillator Eigenfunctions are a Basis. We complete the proof of the proposition
by showing that the set of orthonormal oscillator eigenfunctions {€2,} are a basis for L*(R). This
is equivalent to showing that any function y € L?(R) orthogonal to all the €2,,’s must be zero.

Assume there is a such a function x satisfying (x,{n) 2z = 0, for all n € Z,. In terms of the
generating function F, above, this means that every derivative of the inner product

= 2202 (, Q) oy =0, forall n e Z, . (9.25)

Since F,(x) is entire, if its derivatives all vanish at the z = 0, then the function F,(y) itself must
be identically zero for all z € C. This means that

/OO x(@)e 2Py = 0, for all z € C. (9.26)

—00

Set z = ip/2, choose € > 0, multiply (9.26) by e~ P’ +ira for real a, and integrate over all real p.
Using the fact that the Fourier transform of a Gaussian is a Gaussian, we obtain

1
\VAare
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for all real @ and € > 0. For any C§° function f, we then find that

2 1 0 2 2
—xz?/2 _ —z?/2 —(x—a)*/4e _
<Xe ’T6f>L2(]R) = i /R2 x(z)e e fla)dzda =0 . (9.28)

Here T, is the integral operator

1 2
(Tef)(z) = /Te(x —y)f(y)dy ,  with integral kernel T,(z — y) = ——=c~ @97/ (9.29)

4rre

This operator is useful in other contexts, so we state the following properties separately.
Lemma 9.1.3. The operator T. on L*(R) defined for € > 0 by (9.29) has the properties:

(i) The operators T, are contractions,

1Tell oy < 1, for all 0 <e. (9.30)

(ii) The T. converges strongly to I as ¢ — 0, namely

lim (| Tef = fll 2y =0, forall f € L*(R) . (9.31)

Assume the lemma. As a consequence of (i), the vanishing scalar product (9.28) extends from
[ € Cg° by continuity to all f € L? namely

—z2/9 2
<Xe / ,T€f>L2(R) =0, for all f e L*(R). (9.32)
And by (9.31) the vanishing extends further to the limit ¢ = 0,

lim (xe 2, Tef>L2(R) = (xe”?, f>L2(R) =0, for all f € L*(R) . (9.33)

x2/2 x2/2

Therefore ye~ is orthogonal to all functions in L?*(R); so it must vanish. Multiplying by e
we conclude that y = 0, and the proof of the proposition is complete.

Proof of Lemma 9.1.3. Both desired continuity statements (i-ii) are a consequence of elementary
properties of the integral kernel T.(z — y). We begin by the observation

0<T(x—y),  and /Te(x —y)dy =1. (9.34)
To prove bound (i) use Proposition 8.2.1, which in this case gives the claimed bound,
1T ey < 1Tl = [ Tl =)y = 1. (9.35)
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The proof of property (ii) is slightly more involved. First we show that T, is a contraction on
L>*(R). This means ||Tef| o) < || f]l 1 (r), Where the L°°(R) norm is,

111 oo gy = SUDserlf ()] - (9.36)

In fact

T liiey = 590 | [ Telw =) @y] < Iy [ Tola =)y = Wfllpgey - (037)

Two further elementary properties of 7, follow from inspecting T.(z — y) in (9.29). First note
that T, = T* as T.(x — y) is real and symmetric. Also T = Ty, checked by computing a Gaussian
integral. Therefore

NTef = fllie@y = (Fo f = Tef) + {f Tocf = Tf) = 2(f, f = Tf) + (f. Tocf = f) - (9.38)

Now we show (9.31). Using Proposition 8.7.1, we need only prove convergence for f € C§° C
L*(R), as C§° is a dense subspace of L*(R). We estimate the right side of (9.38) for such f € C5°
using

(1.9) 20| = | [ F@hgtada| < 1111019l g - (9.39)

where the L'(R) norm is
1l = [ 1f@)de < o0 (9.40)

Therefore (9.38) satisfies

ITef = Fl7a@y < 1 sy NTef = Fll ooy + 1Toef = Fll o) - (9.41)

Note that the L'(R) norm of any f € C§° function is finite, so the desired convergence (9.31)
follows, if one can establish convergence in L*°,

lil% I Tef = fll ooy = 0 for each f e C§° . (9.42)

We prove (9.42) using an elementary computation. From (9.34), one can write

Li@) = f@) = [ T.o—y) ()~ fa)dy. (9.43)

—0o0

Divide the integration into two regions, according to whether |z — y|e='/* < 1. Hence

)=l < |[ Tl =) () - fla)

+ /Ir—y|>el/4 T(x —y) (f(y) — f(2)) dy‘ .

(9.44)
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In the first term use |f(y) — f(z)| < |z — y[|| /']l () SO

/|:c—y|S61/4 Tz —y) (fly) = fl2))dy| = 61/4||JN||L°°(IR) / Te(x —y)dy

|lz—y|<el/2
< N gy [ Tl = )y
= 61/4Hf/HL°°(R)' (9.45)

Note || /'] oo (ry < 00 for any f € Cg°, so this term vanishes as e — 0.
The second term obeys the bound

IN

/|x_y|>€1/4 T(z —y) (fy) — f(=)) dy‘ 201 fll oo ey /|x_y>51/4 T.(x — y)dy

1 2
< Ml [ e (06)
The integral of the tail of the Gaussian in the last term vanishes faster than any power of € as
¢ — 0. Note that with this method, the second term is small because the dimensionless variable of
the Gaussian T,(x — y) satisfies |z — y| €""/? > 1. We have chosen |z — y|e /2 > ¢/ explaining
the limit on the final integral.
Combining the bounds (9.45)—(9.46), we infer (9.42) as claimed, and hence we have established
the stated convergence (ii) of Equation (9.31). This completes the proof.

Remark. Now that we know that § is unitary, we can identify the smoothing operator 7. in
Fourier space. The operator §7.§* is a multiplication operator,

BT f) () = e % f(p) . (9.47)

This displays the property of FT.§* as a self-adjoint semi-group. Once we know that § is unitary,
it is apparant that strong convergence of e —1—>0ase— 0on SL?(R) is equivalent to the
condition (ii) of the lemma, namely strong convergence of 7. — I — 0 on L?*(R).

9.2 Schwartz Space
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