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MAJORANAS AND SPINS

ARTHUR JAFFE AND BAS JANSSENS

ABSTRACT. We study linear functionals on a Clifford algebra (al-
gebra of Majoranas) equipped with a reflection automorphism. For
Hamiltonians that are functions of Majoranas or of spins, we find
necessary and sufficient conditions on the coupling constants for
reflection positivity to hold. One can easily check these conditions
in concrete models. We illustrate this by discussing a number of
spin systems with nearest-neighbor and long-range interactions.
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I. INTRODUCTION

We consider a finite-dimensional Zy-graded x-algebra 2. The algebra
2 is a graded (super) tensor product of two algebras 2y, related by
an anti-linear automorphism ©: A — A, satisfying O(Az) = A, and
©? = I. In this sense, A is the double of 2. Such automorphisms often
arise from geometric reflections on an underlying manifold, so we refer
to © as the reflection automorphism. The main results summarized
in Theorem 1.1 do not refer to an underlying geometry—while in the
examples of §VII this becomes relevant.

In the context of the present work, we introduce a twisted product
on the algebra o : 2 x A — 2. Let w denote a linear functional on 2.
One says that the functional w is reflection positive on 2, with respect
to the reflection O, in case that

0<w(O(A)oA), forall AeA, . (L.1)

We consider in detail the case that w = wy is a Boltzmann functional.
By this we mean that there is an element H € 2l called the Hamiltonian,
such that

wi(A) = Tr(Ae ),

where Tr is a tracial state on 21. If the partition sum Zg = Tr(e ) is
nonzero, define the Gibbs functional py as the normalized Boltzmann
functional,

p(A) = Z 7 Tr(Ae M) . (1.2)

In many applications H € 2 is self-adjoint. In this case Zy > 0, and
pu is a state, meaning that py is positive and normalized. Furthermore,
it has the KMS property with respect to the the automorphisms of 2
induced by e,

Here we specialize to two types of algebras 2. In the first part of
the paper, §I-6IV, 1 will be an algebra of Majoranas, whereas in the
second part §V—-SVII, 2 will generally be an algebra of spins.
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An algebra of Majoranas is a x-algebra generated by self-adjoint
operators ¢;. They are labeled by indices ¢ running over a finite set A,
and satisfy the Clifford relations

CiCy + CiC;p = 2(5@'1, Z,] eA. (13)

The Zy grading of 2 is defined as +1 on the even and —1 on the odd
monomials in the ¢;. Even elements of 2l are often called globally gauge
mvariant.

The reflection automorphism © of the Majorana algebra 2 comes
from a fixed point free reflection ¢¥: A — A. If A is the disjoint union
of Ay and A_ with ¥(AL) = A4, then the algebras 2, are generated
by the Majoranas ¢; with ¢ € Ay. In many applications, A will be a
finite lattice in Euclidean space, and ¢ the reflection in a hyperplane
which does not intersect A.

We give necessary and sufficient conditions such that the functionals
wy and py are reflection positive on 2. Every Hamiltonian H € 2 is
defined by a coupling-constant matrix J as

H=- Z Jir, v $8 el O(ciy -+ -ciy) 0 (Ci’l e 'Cz‘;c,) ) (14)

where k and £’ range over N, and iy,...,4; and 7}, ...,%), range over
A,. In fact one restricts the set over which one sums, in order to
make the expansion unique, as explained in §1.3-§1.5. The conditions
on reflection positivity are expressed in terms of the submatrix J° of J
for which k # 0 and &’ # 0. If ¥ comes from a reflection in Euclidean
space, JY describes the couplings across the reflection plane. We use
this terminology even if a geometric interpretation is lacking.

The central result in this paper, which also holds with pgg replaced
by wgp, is the following:

Theorem 1.1. Let H be reflection invariant and globally gauge invari-
ant. Then pgy is reflection positive for all 0 < 3, if and only if 0 < J°.

In the second part of the paper, we focus on spin algebras A%P®
generated by the Pauli matrices o}, 07, 0f associated to each lattice
site j € A. In §V we study Hamiltonians of the form

HP = = " it gl gk (L5)

7777

By expressing the spins o} as even polynomials in the Majoranas, we
translate Theorem 1.1 to the spin context. This yields necessary and
sufficient conditions on reflection positivity in terms of the coupling
constants J;'"7*. Again, the condition involves only the couplings
across the reflection plane.
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In §VI we analyze different reflections © and ©' = a©a~!, both
of which interchange the same 2. If they are related by a reflection-
invariant gauge automorphism «, then our characterization of reflection
positivity applies to to ©" as well as ©.

In §VII we illustrate the main results by showing that a number of
spin Hamiltonians with nearest neighbor as well as long-range interac-
tions fit naturally into our general framework.

Reflection positivity of functionals has a long history in physics, as
well as mathematics. Some earlier work can be found in [OS73, OS75,
GJST75, FSS76, DLS78, FILS78, KL81, FOS83, Lie94, MN9I6, NO14,
N(515]. The present work was inspired by [JP15a, JP15b], and general-
izes it in the following way: we obtain reflection positivity for couplings
that are not necessarily diagonal (including long-range interactions),
for observables that are not necessarily even, and with hypotheses that
are not only sufficient, but also necessary.

[.1. Reflections. Here we study a finite set A which is an index set for
the generators ¢; of our algebra. We assume that A is invariant under
an involution ¥: A — A that we call a reflection. We assume that v
exchanges two subsets AL whose union is A, and that ¢ has no fixed
points.

In specific models, A is often a finite subset of a manifold M, and
¥ is the restriction to A C M of a reflection Jp: M — M. In the
examples of interest, M is a disjoint union M = M, U MU M _,
where 9, interchanges M, and M _, and leaves the hypersurface M,
invariant. The set A, is then a finite set of points in M, and A_ is
its reflection.

We give a number of examples of this situation, where M is the
Eucidean space R, a torus T?, or a Riemann surface.

If M =R? the reflection Jga: R — R? is given in suitable coordi-
nates by

ﬁ(an Ly 7xd71) = (_x(bxla ) xd*l) .
The half-spaces RY have as a common boundary the reflection plane
R = {z € R? : 29 = 0}. Then A} C R% is a finite set of points
on one side of the reflection plane RZ, the set A_ is its reflection,
and A = Ay UA_. Note that A contains no points in the reflection

hyperplane.
An important example is the d-dimensional simple cubic lattice

Acubic:{_L_%7L—|—%,...,L—%a[1+%}da

with the reflection plane illustrated by the dashed line in Figure 1.
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FIGURE 1. Reflection in a cubic lattice.

Another example, with M = R2, is the honeycomb lattice in Fig-
ure 2.

FIGURE 2. Reflection in the 2-dimensional honeycomb lattice.

One often has periodic boundary conditions, in which case M is the
torus T¢ instead of R?. The invariant hypersurface M, is then the
union of two (d — 1)-tori.

Examples where M is a Riemann surface of arbitrary genus arise
from considering the conformal inversion ¢ of a Schottky double of an
open Riemann surface T', with A, a finite set of points in 7.

In §1-§V, including the main Theorems I11.4, IV.2, IV.3, and V.2, we
only need A to be an abstract set with a fixed point free involution J.
In the discussion of examples in §VII, we require additional structure
for A, involving its geometric significance as a subset of a manifold M,
as explained later.

[.2. Majoranas. One defines an algebra of Majoranas on the lattice
A as the x-algebra 2 with self-adjoint generators ¢; = ¢} that satisfy
the Clifford relations (I.3). For any subset I' C A, let 2((T") denote the
algebra generated by the ¢;’s with j € I'. In particular, A = (A), and
we define 204 := 2A(AL).
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We call the automorphism a: 21 — 2 that implements the Z, grading
a global gauge automorphism. On the generators, it satisfies

cj — alc) = —¢j . (1.6)

The algebra 2 decomposes into the spaces A" and A°44 of elements
that are even and odd for the Z,-grading,

Y = Qleven D QlOdd )

In the same vein, A(T") = A(T)e*® @ A(T)°4. An element A € A that
is either even or odd is called homogeneous. Since A € 2 is even if
a(A) = A and odd if a(A) = —A, the even elements are also called
globally gauge invariant.

Define the degree |A| of A as |A| =0 for A € A*¥", and |A| =1 for
A € A°44. The algebra 2(T") commutes with 20" (I) when T'NIY = &.
More generally, if A € (") and B € (I") are both eigenvectors of «,
then

AB = (-1)MIBIBA | when TNI'=2.

One says that 2(I") and A(I') supercommute if I" and I'" are disjoint.

[.3. Reflections and Invariant Bases. The reflection ¢: A — A
defines an anti-linear *-automorphism ©: 20 — 2 given by

O(ciy =+ Cip) 7= Cogiy) " * Coiy) - (L.7)

Note that © exchanges 2, with 2_, namely O(2y) = 2, and satisfies
©? = Id. We construct bases of 2 that are adapted to this reflection.

For I' C A, let Sr denote the set of sequences J = (iy,...,1) of
distinct lattice points iy,...,7;, € ['. For the important choices I' = A,
I'=A, and ' = A_, we denote Sr by S, S, and S_, respectively. For
J € Sr, define the monomial

Oj I:Cil"'Cik,

and define C5 := I for J = @. Each (5 is an eigenvector of the gauge
automorphism «, and we denote its degree by

3] =[Gl (1.8)
Then |J| = 0 if k is even, and |J| = 1 if k is odd. Also
Cr = (=1)2FD¢y (1.9)

The algebra 2(T") is spanned by the operators Cy with J € Sr, but
they are linearly dependent. In fact, Cy = +Cy if the sets {i1,..., i}
and {7},...,4,} are the same. A choice P, C Sy such that every set
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{i1,..., 4%} of distinct lattice points corresponds to precisely one tuple
(1,...,1) in Py yields a basis
B, ={C;;J€P;}
of ;. This, in turn, yields a basis B_ = O(B;) of 2_.

[.4. The Twist. From the two bases B, and B_, we construct a basis
B of 2, that is adapted to the reflection ©. For this, fix a square root
of minus one, ( = ++/—1, and define a basis for 2 by

B = {(PPe(Cy)Cy ; Cs,Cy e By} .

Although the main results on reflection positivity will hold for both
twists ¢ = +v/—1 and ¢ = —v/—1, the class of allowed Hamiltonians will
not be the same.

Note that, in a sense, the basis elements in B are the geometric
mean of the operators ©(C5)Cy and CyO(C5), which differ by a factor
(=1)PI7l. The identity I = Cy = ©(Cy) = O(Cy)Cy is a basis element
in all three bases B, B_ and B. Every A € 2 has an expansion

A= azy PWO(CH)Cy (1.10)
3,9
which is unique if the 3,73 are restricted to be in P,.
[.5. Twisted Product. In order to streamline notation, introduce the
following (non-associative) twisted product

o: AxA—=2A. (I.11)

Definition 1.2. Let A € A be of the form A = A_A, with AL €
Ay, and similarly B = B_B, with By € Ay. If AL and B+ are
homogeneous, then A o B is defined by

A O B = C‘A*HB+|_‘A+||B,‘AB )
This extends bilinearly to the product o : A x A — 2L

Note that the formula A o B := (A-I1B+I-14+lIB-1AB also holds for
A=A,A_ and B = B;B_. One finds

S AR ATk
X313’1 oX323/2 — C' 1]133]=131] | 2|X313/1X323/2 (1.12)

for twisted products of elements of the form X553 = ©(C5)Cy or X5y =
C30(Cy).

In terms of the twisted product, the basis B can be written

B=1{0(Cy)oCy : 3.7 cP,}. (L13)
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Correspondingly we can rewrite the expansion (1.10) of a general ele-
ment A € 2 in basis elements as

A=Y awO(Cy)oCy. (1.14)

3,3 €Py

The twisted product has a number of useful properties. For example
20, and 2l commute with respect to the twisted product.

Proposition 1.3. If A, €A, and B_ € A_, then A,oB_=B_oA,.

Proof. 1t suffices to prove this for homogeneous elements, in which
case the result follows from A, o B_ = ¢(74+IB-IA. B B o A, =
CA+IB-IBL A and A, B_ = (—1)A+IIB-Ip A_. O

The twisted product respects the reflection;
Proposition I.4. For all A, B € A, one has ©(AoB) = ©(A)oO(B).

Proof. 1t suffices to check this for A = A_A, and B = B_B, as in
Definition 1.2. By antilinearity of ©, one then finds

O(A o B) = O(CH-IB+HA4IB-| g B) — —A-IIB+HALIB- 19 ( 4)0(B)

for the left side of the equation. For the right side, one finds the same
expression

O(A)oO(B) = O(A.)O(A.)0BO(B-)O(B;)
C\A+\\B—If\A—HB+|@(A)@(B) ’
since O(A1),0(By) € Ax. O
It follows that the reflection permutes the basis B.
Corollary 1.5. The twisted product satisfies
O(0(A)oB)=0O(B)o A, for ABeA,, or A, BeA_ . (L15)
In particular, the basis B is permuted by O,

@(@(Cj) o Cj/) = @(Cj/) O Cj . (116)
Proof. By Proposition 1.4, one has ©(O(A) o B) = A o ©(B), which
equals ©(B) o A by Proposition 1.3. O

Proposition 1.6. Let A € A have the expansion (1.14). Then A is
reflection invariant, namely ©(A) = A, if and only if the matriz aszy
18 hermatian, namely ayy = azy .

Proof. This follows from anti-linearity of © and Corollary L.5. 0
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Define k: A — N by ky = r for 3 = (i1,...,4,). When dealing with
adjoint operators, one frequently encounters the derived expressions
qy == (—1)%k3(k3_1) and sy = (2Rl (L.17)
Note that ¢y is 4-periodic in k, and s5 is 8-periodic.
Proposition 1.7. Let 3,7 € P,. Then
(©(C5) 0 Cy)" = g7 O(Cy) 0 Cy . (1.18)
Proof. As © is a x-automorphism,
(0(Ch) 0 Cy)* = ¢ PIPI(O(Cy)Cr)r = ¢PIFICs 0(C5)
Inserting (1.9) gives
(O(Cy) 0 Cy)* = (g5 95 CxO(Cy)
= ¢y O(Cy) 0 Cy.

In the last equality we use C»O(C5) = ¢27I71O(Cy)Cy and the defini-
tion of the circle product to give the desired relation (I.18). O

Using this, one derives the following characterization of hermiticity.

Corollary 1.8. If A € 2 has an expansion (1.14) with coefficients asy,
then A* has coefficients qy qy @yy. The operator A is hermitian if and
only if sy sy ayy is real for all 3,3 € P,.

Proof. The first statement follows from

AT = > @ (0(Ch) 0 Cy)*

3,9'ePy
= ) @497 0(Ch) 0 Cy . (L.19)

3,9'€Py
Therefore, A is hermitian if and only if a3y = @33 ¢35 ¢y. Since 8% =
S5 2 = g5, this is equivalent to s3 sy asy = 5357 G377. [

[.6. The Tracial State. Define the functional Tr : 24 — C by

TI"(A) = dgy , (120)

where ayy are the coefficients in (1.14).
Proposition 1.9. Let 3y and 3|, be elements of P. Then
ﬂ(@@@o%ﬁ@@@o%gz%m%% (1.21)
Also
Tr ((©(Cyy) 0 Cyy) (O(Ca,) 0 C,)) = 3 4y G363, 03y3 - (1.22)
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Proof. The identity (1.22) is equivalent to (I.21) as a consequence of
(I.18). The left hand side of (I.21) vanishes unless 3y = J; and 7, = 77,
in which case (1.18) along with C5 C5, = C5 Cy, = I yields
(©(C5) 0 Cyy)" - ©(Cy,) 0 Oy
— C—UoH%IHCHH%lc;é@(o;o)@(cjl)oj/l
= C50(C5,05,)Cy = 1. (1.23)
This proves equation (1.21). O

Proposition 1.10 (The Normalized Trace). The functional Tr is
a tracial, factorizing, reflection-invariant state. Namely

(a) It is normalized, Tr(I) = 1.
(b) It is positive definite, Tr(A*A) > 0 for all A € A, with equality
only for A= 0.
(c) It is cyclic,
Tr(AB) = Tr(BA) forall A,Be. (1.24)
(d) It satisfies
Tr(O(A)) =Tr(A) forall AcA. (1.25)
(e) It factorizes,
Tr(A_Ay) =Tr(A ) Tr(Ay), for AL €A (1.26)

Proof. (a) As I = O(Cy) o Cy, one has Tr(I) = 1.
(b) From (I.21) and the expansion (I.14), one finds

Tr(A*A) = ) Jagy[>>0.
3,9'€Py
Furthermore Tr(A*A) = 0 only if all the asy = 0. As the ©(C5) o Cy
are a basis, the vanishing of ajy ensures that A = 0. Hence Tr is
positive definite.
(¢) From equation (1.22), one obtains

Tr(AB) = Tr(BA) = Z GGy Ay by - (1.27)
3,3 ePy

Hence the state Tr is cyclic.

(d) As © is antilinear and the basis elements satisfy (1.16), it follows
that Tr satisfies (1.25).

(e) To demonstrate factorization, consider A_ = > 5 5 a3 0(C5)
and By = > qcp, bow Cw. The identity (1.27) reads Tr(A-B;) =
agzbse, so the factorization property follows.

U
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Corollary 1.11. If H € 2 is reflection invariant, ©(H) = H, then the
partition sum Zg = T(e ) is real.

Proof. Since © is an automorphism, it follows from ©(H) = H that
O(e ) = e . Using Proposition 1.10.d, one then finds

Zy = Tr(e™) = Tr(0(e ™)) = Tr(e H) = Zy,
so that Zp is real. ]

II. REFLECTION POSITIVE FUNCTIONALS

In this section, we characterize reflection invariance and reflection
positivity of linear functionals in terms of their density matrix.

II.1. Reflection Invariance. Let w: A — C be a linear functional
on 2A. From Proposition 1.10.b, we infer that every functional can be
written

w(A) = Tr(AR) (IL.1)

for a unique density matrix R € 2. If w is a state, then R is a positive
operator with trace 1.
Consider the sesquilinear form (-, - ) e on A given as

(A,B)pro = w(O(A)o B) =Tr((6(A) o B)R). (I1.2)
If we expand R in terms of matrix elements ryy as
R = Z T3¢ @(Cj) O Oj/ s (113)
33 €P;

then (1.9) and Proposition 1.9 ensure that
Tyyr = <C§, C*/>R7@ y where Cj, Cj/ S B+ . (H4)

Definition II.1 (Reflection Invariance). The linear functional w is
reflection invariant on A if w(O(A)) = w(A) for all A € 2.

Proposition I1.2 (Reflection-Invariant Functionals). The follow-
ing conditions are equivalent:

(a) The functional w(A) = Tr(AR) is reflection invariant on 2.
(b) The operator R is reflection invariant, O(R) = R.

(¢) The matriz ryy is hermitian, ry3 = T3y

(d) The sesquilinear form (-, -)pe is hermitian on Ay,

(A,B)ro = (B, A)pg, forall A Be,.
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Thus w(A) = w(©(A)), and w is reflection invariant.
(a)=(d): If w is reflection invariant, then

w(O(B) o A) =w(B(O(B) 0 A)) = w(O(A) o (B)),

where the second equality follows from Proposition 1.5.

(d)=(b): Since (B, A) o = Tr((0(A) o B)R), reflection invariance
of the trace and Proposition 1.5 yield

(B, A)pe = Tr(©(O(B) 0 A)O(R)) = Tr((6(A) 0 B)O(R))
for all A, B € 20;. Since (A, B)re = Tr((0(A4) o B)R), we infer from

(A, B)re = (B, A)p o that
Tr((©(A) o B)R) = Tr((©(A4) o B)O(R)).

Since 2 is spanned by elements of the form ©(A) o B with A, B € 2,
nondegeneracy of the trace implies ©(R) = R.

We conclude that (a)<(b)<(d). The equivalence (b)<(c) was al-
ready proven in Proposition I.6. O

I1.2. Reflection Positivity. In this section, we characterize reflection
positive functionals in terms of their density matrix.

Definition I1.3. The linear functional w in (11.1) is reflection positive
on Ay with respect to ©, if the form (-, -)reo in (11.2) is positive,
semidefinite on A, .

Proposition I1.4. The functional w in (I11.1) is reflection positive on
., if and only if it is reflection invariant on A_. In fact

(©(A),0(B))po = (B,AYpe , for A/ Be, . (I1.5)
Proof. For A, B € 2, we infer from Corollary 1.5 that
w(O(O(A))0O(B)) =w(AoBO(B)) =w(O(B) o A).
The first term equals (©(A), ©(B))re and the last one (B, A)pe. U

Theorem II.5 (Basic Reflection Positivity). The linear functional
w in (I1.1) is reflection positive on 2., if and only if the matriz ryy
defined in (I1.3) is positive semidefinite.
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Proof. Expand A, B € 2, as A = th a5 Cy and B = th by C5.
Using (1.9) and (I1.4) we obtain

(A,B)re = Tr((6(A)o B)R)
= Z @z, by, 73,3, It < (©(C,) 0 Cy) (B(Cyy) o ng))

!
J0,99€P+

!
J1,77€P+

= E a3 q3 by qy T3y
3,

It follows that (A, A)re = 0 for all A € 2 if and only if the matrix
ryy 18 is positive semidefinite. O

III. SUFFICIENT CONDITIONS FOR REFLECTION POSITIVITY

In statistical physics, Gibbs states are defined in terms of a Hamil-
tonian A, which in turn is given by a matrix J of coupling constants.
In this section, we provide a sufficient condition on J for the associated
Gibbs state to be reflection positive. This will be further refined to a
necessary and sufficient condition in Section IV.

III.1. Density Matrices and Hamiltonians. For a (not necessarily
hermitian) Hamiltonian H € 2, consider the unnormalized density
matrix R = e . We now focus on the Hamiltonian H rather than R,
and define the Boltzmann functional wg: A — C by

wi(A) = Tr(Ae ). (I11.1)

If the partition function Zy := Tr(e ) is nonzero, then define the
Gibbs functional pp: A — C as the normalization of wy,
~wy(A)  Tr(Ae H)

pr(A) = 7y~ e ) (111.2)

Using equation I1.2, the (unnormalized) Boltzmann functional wgy
yields the sesquilinear form

(A,B)} o :==Tr((0(A) o B) e ") (I11.3)

(
on 2, . Similarly, the the (normalized) Gibbs functional py yields the
form

Tr((O(A) o B) e 1)
Tr(e=H)
Remark III.1. The functional wy in (IIL.1) is reflection positive on
U if (A, B)}; o in (IIL3) is positive semidefinite on 2. The functional
pu defined in (II1.2) is reflection positive on 2, if the form (A, B)g e

in (I11.4) is positive semidefinite on 2, .

(A, B)ne == (I11.4)
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In §IV.2 we show reflection positivity of the Boltzmann functional
wy for a large class of reflection symmetric, globally gauge invariant
Hamiltonians H, namely all those for which the matrix of coupling
constants is positive semidefinite. For such Hamiltonians Zy5 > 1.

We use this result to prove reflection positivity for an even wider
class of Hamiltonians, namely those for which the matrix of coupling
constants across the reflection plane is positive semidefinite.

Neither result will require H to be hermitian, but if this happens to
be the case, Zy is automatically nonzero, and ppy is the Gibbs state
with respect to the Hamiltonian H.

III1.2. Hamiltonians. The class of Hamiltonians for which these re-
flection positivity results hold, is defined in terms of the matrix of
coupling constants,

J=(Jyy), where 7,7 €P,. (I11.5)

By definition, these are the coefficients J53 € C of the Hamiltonian H
in its expansion with respect to the basis B,

H=- > JwO(C)oCy . (I11.6)
3,3€Py

The following proposition expresses some relevant properties of H in
terms of the matrix J. Recall that H is called reflection invariant if
©(H) = H, and globally gauge invariant if «(H) = H, where « is the
global gauge automorphism defined in (I1.6).

Proposition II1.2. The Hamiltonian H in (II1.6) is
RI: reflection-invariant if and only if J is hermitian, Jyy = Jay.
GI: globally gauge-invariant if and only if Jyy =0 for |3| # |7'].
H: hermaitian if and only if ¢3qy Jyy is real.

Proof. The first statement is Proposition 1.6. For the second statement,
note that the global gauge transformation « leaves the basis element
O©(C5) o Cy fixed if |J| = |7’|, and otherwise multiplies it by —1. Linear
independence of the basis B ensures that each term in the expansion
of H must be gauge invariant. The third statement is a consequence
of Proposition 1.7. 0

Proposition II1.3. If H is reflection invariant, then the sesquilinear
form (A, B)Y; ¢ on Uy given by (II1.3) is hermitian, and Zg = Tr(e™ )
15 real:

OH)=H = (4, B)?{,@ - <B>A>%,@ , and Zy=Zp .

If both H s reflection invariant and Zg # 0, then the form (A, B)neo
is defined in (II1.4) and is hermitian.
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Proof. The operator R of §II equals e here. So O(R) = ¢=®U") and
if H is reflection invariant, then so is R. By the implication (b)=-(d) of
Proposition I1.2, the form (-, - ) g e is hermitian. Also (b)=-(a) ensures
that Zg = Tr(e ) = Tr(©(e ™)) = Zy is real. Hence if Zy # 0, the
form (A, B) g is also hermitian. O

ITI.3. Reflection Positivity: Preliminary Results. We now prove
reflection positivity of the Bolzmann functional wy for Hamiltonians H
that arise from a positive semidefinite matrix J of coupling constants.

Theorem II1.4 (Reflection Positivity of wy, Part I). Let H € 2
be reflection symmetric and globally gauge invariant. If the matriz
J of coupling constants for H, defined in equation (II11.6), is positive
semidefinite, then wy is reflection positive on 2, .

We give some preliminary results before proving the theorem.

Lemma ITL.5. Let Jy,...,3,, 79, ...3) € Sy and |J;| = [T} for j > 1.
Then for all 3y,7}, € Sy,

Tt(Cyy -+ Csy) Te(Cyy -+ Oy ) (I11.7)

is nonzero only if |Jo| = |T}|.

Proof. For every lattice point ¢ € A, let k;(J) be 1 if i occurs in
J = (i1,...,4s), and O otherwise. Then s = ky = Y .., ki(J). If
Tr(Cy, - - - C5,) is nonzero, then Z?:o k;(J;) is even, as every i € A
must occur an even number of times. Therefore,

k k k
k)= (Tua) -3
ieA j=0 j=0 \i€A =0
is even. Since |J| = k3 mod 2, the sum Z?:o |J;| is even.
Similarly, one finds that Z?:o | 35| is even if Tr(Cs, - - - Cy; ) is nonzero.

Since |J;| = |J)| for j > 1 by assumption, we infer that |Jo| = [J| if
I11.7 is nonzero. O

Lemma II1.6. Under the hypotheses of Lemma II1.5,
Tr ((6(Cy,) 0 Cyy) -+ (B(C5,) 0 Cy)
= Tr(Cy, -+ Cy,) Tr(Cyy -+ O ). (I1I1.8)
Proof. Use the definition of o to write
Tr((©(Cy,) 0 Cyy) -+ (O(C5,) 0 Ty )
= (0PI T (O(Chy )y -+ O(Cy )y ) . (LILY)
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and bring the terms of the form ©(Cj;) to the left. In doing so, one
has to exchange ©(Cj,) with Cy, for each j' < j, yielding a factor

(_1)2?/:0 ‘j;/Hj]" — C2Z§/:O |j;-/Hj]" .
The right hand side in equation II1.9 can thus be written
(o P2 R0y e BRG Ty(@(Cy - O, ) Oy -+ Cy) . (1IL10)

where we used that ©(C5,) - - - O(C5,) equals O(Cy, - - - C5,).

Using the factorization of the trace, Tr(X_X ) = Tr(X_) Tr(Xy)
for X4 € 2., and reflection invariance, Tr(©(X)) = Tr(X), given in
Proposition 1.10.d and e, (II1.10) becomes

k / X /
CZj:O PR3l 142 2ocsr < IjJHjJ“'Tr(CJO o Cy) Te(Cyy -+ Oy ) . (HL11)

Using Lemma IIL.5, we rewrite the phase in (II1.10)
¢ Zi=0 115142 Eocyr <sar 31751 C(Z§=o‘5‘f|)2 =1. (I11.12)

The last equality holds as Z?:o |J,;| must be even, so its square is
0 mod 4, and the phase vanishes. Combining (II1.12) with (II1.11), the
proof is complete. L

Proof of Theorem II1.4. Expand A, B € 2, as
A=) "a;C; and B= ) bCy, with Cy€By.
3677+ jG'PJr

We claim that the sesquilinear form (A, B)}; ¢ = Tr(©(A)o Be ) can
then be written in the form

(A, B)re Zk' Z Z 303y T3y 30 -+ a3,
Ik 3T,

X Tl"(CjO s Ojk) TI"(036 e Cj;c) . (11113)

From the power series for e with H given by (II.6), one obtains the
expansion

(A, B)pe = Z% > > @by Juy o Taa
=0 " 3

0,---JLEP+ 3’0 ..... 3267)4-

TH(©(Ch,) 0 Cy) -+ (O(Ch,) 0 Csy)) . (IIL14)

The terms with Jy and Jj arise from A and B, while the remaining

Jj, 3% come from powers of H. By Proposition II1.2, global gauge
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invariance of H ensures that |J;| = |J%| for all j > 1. From Lemma
II1.6, we conclude that

Tr((©(C5) 0 Cyy) -+ (©(Cs,) 0 Cy))
— Te(Chy - - i) Te(Cry - Cy ). (I11.15)

So by Lemma IIL5, |Jy| = |J{| unless (III.15) vanishes. Using this and
the expansion II1.14, one obtains I1I.13.
Let x*, 9" denote vectors with components

le 77777 Z as, Tl" Ojo Ojk) s
JoeP+
and
US, Z by, Tr(Cyy -+ - Cs,)
JoEP+

labelled by PE. Let J3* o o o = Joy - Jyz, be the & tensor
power of the matrix Jyy. Since Jyy is a positive semidefinite matrix,
J®* is also positive semidefinite. Then

1
(A B)ho=>_ 2 (X xE, JEEPEY (I11.16)

00
k=0

with the inner product

J1,..J€EP+

Setting B = A one has ¢* = x*. Since each term in the sum (II1.16)
is non-negative, the theorem follows. U

Corollary IIL.7. If A € 2, has the expansion (1.14), then under the
conditions of Theorem III.4, one has

(A, Ao > lass|. (ITL17)

Proof. The right side of II1.17 is the £ = 0 term in I1I.13. This yields
a lower bound, as all the other terms are nonnegative by the proof of
Theorem I11.4. U

Proposition III.8. Suppose that the matriz J of coupling constants
for H, defined in (II1.6), is positive semidefinite. Then Zgg is a non-
decreasmg function of 0 < B with Zy = 1. In particular, 1 < Zgy for
all 0 < .
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Proof. Let R = e P and consider Zsg = Tr(e ##) = Tr(R) for 8 > 0.
Note that Zy = 1 by Proposition [.10.a. Using Proposition 1.9 to
evaluate the trace, one obtains

dZﬁH
dp

with g5 = (—1)¥®*~1 as defined in equation (1.17). Since the matrix
Jyy is positive semidefinite, the Bolzmann functional wy is reflection
positive by Theorem I11.8. The matrix r53 of coefficients of R = e~
is positive semidefinite, as a consequence of Theorem II1.5. It follows
that the Hadamard product matrix K, with matrix elements K5y =
Jyy T35, is also positive semidefinite. From III.18, we infer that

= —Tr(He )= —Te(HR) = Y q3Jyy ray g ,(IIL18)
3,9'€P,

az
d—ZH == Z (0la] ij/ qy = <q7 Kq>52 2 0. (11119)
3,5€P+
It follows that Zgp is a non-decreasing function of 3. U

IV. NECESSARY AND SUFFICIENT CONDITIONS

In Theorem III.4 we have given sufficient conditions for reflection
positivity of the Bolzmann functional wg; it is reflection positive if
J = 0, where J is the matrix (IIL.5) of couplings by which H is defined.

Now we establish a stronger result, providing necessary and sufficient
conditions in terms of the submatrix J° of J that contains only the
couplings between Majoranas on different sides of the reflection plane.
If J is positive semidefinite, then J° is positive semidefinite, but the
converse does not hold.

In Section IV.2 we prove that wy is reflection positive if and only
if J° > 0. Using this, we prove the analogous statement for Gibbs
functional py in Section IV.3.

IV.1. Coupling Constants Across the Reflection Plane. Let H
be reflection invariant, so that the coupling-constant matrix .J is her-
mitian. Order the basis elements in B, so Cy = [ is the first one, and
consider the decomposition of J,

o J@@ J@J’ _ E VvV
(Y (B aw
Here E = J,4 yields the additive constant —F in H. Reflection invari-
ance of H ensures that F is real.
In fact E is not of physical relevance. It does not affect whether

the functional wy is reflection positive. Furthermore it does not even
enter the normalized Gibbs functional. The energy shift H — H — E
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multiplies both wy and Zy by e, so it it does not affect their quotient
pu. The column vector V5 = J54 has indices labelled by J € P, — {@},
as does its hermitian adjoint VV*. The hermitian matrix

J? = (J35), withindices 3,7 € P, —{@} (IV.2)
is called the matrix of coupling constants across the reflection plane.

The matrix decomposition (IV.1) corresponds to the four terms in
the decomposition

H=H +Hy+H —E, (IV.3)
where
—H_= Y JpO(C)= > 1O(C)eA.  (IV4)
JeP+—{o} JeP;L {2}

is the sum of the interactions on one side of the reflection plane, namely
on sites in A_. The reflection H, of H_ is the interaction within A,

~H,=O(-H_)= > TViCyeq,. (IV.5)
JePy—{o}
The interaction across the reflection plane is
—Hy= > J%06(C5)oCy. (IV.6)
3,9€PL —{2}
IV.2. Characterization of Reflection Positivity. We give neces-
sary and sufficient conditions on the Hamiltonian H € 2 for the Bolz-
mann functional
wir(A) = Tr(Ae )
to be reflection positive on 2.

Remark IV.1. Reflection positivity of wy means that the hermitian
form on 2, defined by

(A, B>0H7@ = Tr(¢¥(A) o B - e_H)
is positive semidefinite; 0 < (A, A>%’,@ for A € 2, . In particular,
Zy=Tr(e ™) =(I,1)}6>0. (IV.7)

If Zy # 0, reflection positivity of the Bolzmann functional wy therefore
implies reflection positivity of the (physically relevant) Gibbs functional
PH = Zﬁle.

Theorem IV.2 (Reflection Positivity of wy, Part IT). Let H € 2

be reflection symmetric and globally gauge invariant. Let J° be the ma-
triz of coupling constants across the reflection plane, defined in (IV.1)-

(IV.2). Then:
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(a) If JY is positive semidefinite, the functional wy is reflection
positive on A .

(b) Conversely, if there exists an € > 0 such that wgy 1is reflection
positive on A, for all € [0,¢), then the matriz J° is positive
semaidefinite.

Proof. (a) Since H is reflection invariant, we infer from Proposition
II1.2 that J is hermitian. Writing J as in (IV.1), recall that reflection
positivity of wy is independent of the value of E. So for simplicity we
can add a constant to H so that £ = 0. Now we approximate .J by .J.
defined as the matrix

0 v 0 0

where 0 < ¢ is a small parameter. Here V'V* denotes the matrix with
elements (VV*),, = V5V with 3,3 € P — @. Clearly J. — J as
e — 0, so that H. —+ H as ¢ =+ 0. Hence wy, = wy as € — 0.

Assume that the functional wy, satisfies reflection positivity on 20
for every € > 0. Then the convergence explained above means that for
A € 2, the expectations wy, (©(A) o A) > 0 converge to wy(O(A) o
A) > 0 as e — 0. We infer that wy is reflection positive.

Now we show that wy, does satisfy reflection positivity for every
€ > 0. In order to see this, we make a second modification to J,
by adding the constant ¢! to H,. Thus we obtain a new matrix of
couplings J. defined as

~ 1/1 0 0 0 et v

The couplings J. correspond to a Hamiltonian H., that differs from H.
only by an additive constant. So wp satisfies reflection positivity if
and only if wy. does. Furthermore we can appeal to Theorem I11.4, so
it is sufficient to show that the matrix jg is positive semidefinite for
every € > 0. B

We claim that J. is positive semidefinite, since each of the two matri-
ces on the right of (IV.9) are positive semidefinite, as is the sum of two
positive semidefinite matrices. The first matrix on the right is positive
semidefinite by the assumption that J° is positive semidefinite. The
second matrix is also positive semidefinite, as it is a positive multiple
(71 + eV*V) of the orthogonal projection in ¢*(P,) onto the vector
W with components Wy = d55¢7 1 + (1 — d55) V5. This concludes the
proof that wy is reflection positive on 2, .
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(b). Suppose that wgp is reflection positive on 2, for g € [0,¢).
Choose A = th ay C'y with ag = 0, so A is in the null space of the
form (A, A) o, as Tr(O(A) 0 A) = |ag|* = 0. Reflection positivity then
ensures that the first derivative cannot be negative,

0< %(A, A>%H,@ =-—Tr((6(A)0c A)H), (IV.10)
B=0
for otherwise reflection positivity would be violated for small 5. One
can evaluate (IV.10) in a fashion similar to the computation of (III.18),
but with ©(A) o A replacing R.

Expanding ©(A)o A as ), 5 @3a50(C5) 0 Cy, and using Proposition

.9 to evaluate the trace, one obtains

0< —Tr(O(A)o AH) = Y (qsa3) S (qvay), (IV.11)
3,9€PL -2
with g3 = (=1)»®~D as in (1.17). As ay = 0, the sum restricts
to P.—a, and only J° contributes. From equation IV.11, one then
obtains

0<(f,Jf) (IV.12)
Since this holds for all f € ¢(?(P,) with fy = 0, this assures that the
matrix JY is positive semidefinite. O

IV.3. Reflection Positive Gibbs Functionals. Using Theorem V.2,
we obtain the following necessary and sufficient conditions on H for the
Gibbs functional

pu(A) = Z;Il Tr(Ae*H) ,

to be reflection positive on 2(,. In this expression, Zy = Tr(e %)
denotes the partition sum.

Theorem IV.3 (Reflection Positivity of Gibbs Functionals). Let
H € A be a reflection symmetric, globally gauge invariant Hamiltonian.

(a) Suppose that Zg # 0, and that the matriz J° of coupling con-
stants across the reflection plane is positive semidefinite. Then
pr s reflection positive, and Zyg > 0.

(b) If there exists an € > 0 such that psy is reflection positive for
all B € [0,¢), then the matriz J° of coupling constants across
the reflection plane is positive semidefinite.

Remark IV.4. In many applications, H € A" is self-adjoint, so that
the condition Zgy # 0 is automatically satisfied for all g > 0.
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Proof. (a) If J is positive semidefinite, then wy is reflection positive
by Theorem IV.2. Reflection positivity of the Gibbs functional py then
follows by Remark IV.1.

(b) The partition function Zgg = Tr(e ") is analytic in 3, and real
by Corollary I.11. Since Z; = 1, the expression

por(X) = Zgy Tr(Xe M)
is well defined and analytic in a neighborhood U of g = 0. The in-
equality 0 < pgp(O(A) o A) for § € U thus yields
0 < Z/gH pﬁH(@(A) ©) A) = O.JgH(@(A) ] A) .

Since this holds for all A € 2, and g € U, the Bolzmann functional
wgsp is reflection positive for all 8 € U, and J° is positive semidefinite
by Theorem IV.2. [

V. REFLECTION POSITIVITY FOR SPIN SYSTEMS

From the corresponding result for Majoranas, we now derive neces-
sary and sufficient conditions for reflection positivity in the context of
spin systems. As in the case of Majoranas, these will be formulated in
terms of the matix of coupling constants across the reflection plane.

V.1. Spin Algebras. In spin models, the algebra of observables for a

lattice site j € A is My(C), spanned by I and the Pauli spin matrices

0},07,03. The operators of and o}, commute for j # j', and otherwise

satisfy the familiar relations 0?0;? =0%T+i), €abc0§ - In this context,
the full algebra of observables is

Q[spin = @ MJQ((C) ,
jEA
and the algebra of observables on the + side of the reflection plane is
AP = P M?(C).
JEAL
Define the operators Y5 4) as the product of spins

_ 401 ag
2(3714) _Ujl "'Ujk .

They are labelled by sets of the form
(jaA) = {(ilagl)a"w(ika&k)}; (Vl)

where i, is a lattice point in A, ay is a spin label in {1, 2,3}, and i, # 4,
for s # t. Together with the identity ¥z := I, the operators ¥y a)
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constitute an orthonormal basis of 2 with respect to the bilinear trace
pairing,

Tropin(X(3,4)2(3,47)) = 04405y . (V.2)

Definition V.1 (Standard Reflection). The standard reflection ©
on AP™ is defined by O(0}) = ~0§;y for j € A and a € {1,2,3}.

The standard reflection satisfies

O(X@.4) = (—1)"Ey0.4) (V.3)

V.2. Spin Hamiltonians. Any Hamiltonian HP™™ € QP not neces-
sarily Hermitian, takes the form

HPh =3 N N g ot o (V.4)

ko gi,edr atseak
Partition jj ... jj into the sets ¥(J) C A_ and 3’ C A, where both J
and J' are subsets of A;. Using (V.3) and setting
Toayy = o5 (V.5)

Jk

equation (V.4) can be expressed as

Feein Z (];94(’31)3, 2(9(3),4) (37, A7) (V.6)
(3,A)
(3/,A7)

@, A)
(37,47

V.3. Mapping Spins to Majoranas. Spin models map to Majorana
models by a well-known transformation. For a single site, this is similar
to the infinitesimal rotation written in terms of Dirac matrices. The
tensor product construction, projected to a chiral subspace, is known
in the condensed matter literature as the Kitaev transformation. This
map X — X from the algebra AP of spins to the algebra 2 of Majo-
ranas is constructed as follows.

Choose four Majoranas at site j denoted cf, for « = 1,2, 3, 4. (The
superscripts denote labels, not powers.) The Majoranas satisfy the
Clifford relations {cf, cf,} = 20,1 and c* = ¢f. They generate the

Majorana algebra A indexed by A=A x {1,2,3,4}.
The product 72 = ¢jcici¢; is both self ad301nt and unitary, so P} =
%(I + 'yf) is the projection corresponding to the +1 eigenvalue. The

projections P;’ mutually commute, and also commute with all even
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elements of 2. Their product P° := [], P} is called the chiral pojection.
It can be written as a product

p°=p°p° (V.8)

of the two commuting projections P = [];.,, P} in 2.
The map from spins to Majoranas is given by
~a . . 4
oj = icjc; (V.9)
on single spins ¢¢, and extends to a linear map AsPin 5 A by

2(37,4) = 8;»111 cee /O'\;l: .
The resulting linear map X — X is a homomorphism when restricted
to P?, in the sense that for all X,Y € A" one has

XY P, = XY P;. (V.10)

V.4. Reflection Positivity for Spin Hamiltonians. Recall that for
a (not necessarily Hermitian) Hamiltonian H € H*"™™ the Bolzmann
functional wy(X) = Trepin(Xe ) is is called refection positive on 2,
if

0 < wyr(O(X)X) = Trepin(O(X) X e 7). (V.11)
If the partition sum Zy = Trspm(e_H ) is nonzero, then the Gibbs func-
tional is defined by py(X) := Z; 'wi(X). Reflection positivity of py
is equivalent to

0 < pr(O(X)X) = Zi Trgu(O(X)X ). (V.12)

From Theorem IV.2 for Majoranas, one derives the following charac-
terization of reflection positivity for spin systems. It is given in terms
of the matrix Jgj’fm/ of coupling constants across the reflection plane.
This is the submatrix of the matrix J2 of coupling constants (V.5)

with J # @ and 7' # @.

Theorem V.2 (Reflection Positivity for Spins). Let H € AP™ pe
a (not necessarily Hermitian) reflection invariant Hamiltonian.
(a) If the matriz i*F J%é’)“:;, is positive semidefinite, then the Bolz-
mann functional wy s reflection positive. If Zy # 0, then
Zy >0, and the Gibbs state pg is reflection positive.
(b) If there exists an ¢ > 0 such that either wgy or pgy is reflection
positive on AT™ for all B € [0,¢), then the matriz i*3> J%é’%/
s positive semidefinite.
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Remark V.3. The requirement that H is reflection invariant is equiv-
alent to Hermiticity of the matrix ¥ J;;‘g‘)j, Furthermore, the re-
quirement that Zy # 0 is automatically fulfilled if H is Hermitian,
which is the case in many applications.

Proof. 1t suffices to prove (a) and (b) for the Bolzmann functional wy.
Statement (a) for the Gibbs functional py then follows from Remark
IV.1. Following word by word the proof of Theorem 1V.3.b, one obtains
statement (b) for py from statement (b) for wy.

(a): Since O(cj; ;) = ¢ J, the Hamiltonian H*P™ € 2 of equa-
tion V.4 with coefficients V.5 gives rise to the Hamiltonian

AN kR g (o1 A ax 4 al 4 4
E J55 i <cﬂ(il)cﬁ(i1) < i) Cotin) ) Cr Ciy - c c// .

kl
(3,4)
(37,47

(V.13)
in the Majorana algebra 2. Equation (V.13) can thus be written

Z 55 0(C5) 0 G5,
55

where JM is the matrix of Majorana coupling constants. It equals

L = it A, (V.14)
for the indices
3 = ((i,a1), (i1, 4), ..., (ix, ap), (i, 4)) , (V.15)

¥ = ((i/lj Cbll)a (7;/1>4>a S (Z§€7 a;c/)7 (i;c/>4))

and zero elsewhere. With respect to an appropriate choice of basis, the
matrix %3tk JAA)j, is the only nonzero block in ‘]33‘ Therefore, the
latter is positive semidefinite if and only if the former is. The same
holds for the matrices %9 and ik tky J%’%’)“j, of couplings across the
reflection plane.

The Majorana Hamiltonian H is globally gauge invariant since each
spin involves two Majoranas, and it is reflection invariant as J is Her-

mitian. Since Jj 5 ] is positive semidefinite, Theorem IV.3 yields reflec-

tion positivity of H. This implies reflection positivity of H, since
Tropm(O(X)Xe ) = Try(0(X)Xe 1P
= Try(OXP)(XPY)e ) >0.
Here, we used Trgm(X) = Try (X P5), equation (V.10), and the fact

that P? and ©(P?) = P° commute with the other factors, with P° =
P P3.
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(b): This is analogous to the proof of Theorem IV.2.b. Choose
X € AP™ such that Tre,(0©(X)X) = 0. Expand X as

X = Z xjjéx,,Z(j/’A/),
(3,47

with the coefficient by of X5 = I equal to zero. Using equation (V.3),
one finds
O(X) =Y (1) Tya,a) -
(3,4)
Since par(O(X)X) = Trepm(O(X)Xe P) is nonnegative and zero for
£ =0, one finds
d
0< %Trspin(G)(X)Xe’ﬁH) = —Trym(OX)XH).  (V.16)
3=0

Using the expansion (V.6) and the orthogonality relations (V.2) of
Y.(3,4) With respect to the trace pairing, one thus obtains

E ' ky=A 7AA" A’
(9,4)
(37,47

Since x4 = 0, only the coupling constants J%é‘)‘g, across the reflection
plane contribute. Substituting y? = Faza yields

o< Y B (Funh)

(3,4)
(3,47
so that §F+ky J%éfj/ is positive semidefinite, as required. U

VI. AUTOMORPHISMS THAT YIELD NEW REFLECTIONS

In Sections IV and V, we have given a characterization of reflection
positivity with respect to a standard reflection ©. In this section,
we show how these results extend to other reflections ©' = a~1Qa,
where « is an automorphism. The special case where « is a gauge
transformation, can be very useful in applications.

VI.1. Relation to Other Reflections. We formulate this in the more
general context of a Zs-graded algebra 2 which is the super tensor
product of two isomorphic subalgebras [, and 2. This means that
2 is A, ®A_ as a vector space, with multiplication defined by

(A B)(A' @ B') = (-1)MIPIAA" © BB
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on homogeneous elements. The twisted product A o B is then defined
as in Definition 1.2. It reduces to the ordinary product on algebras that
are purely even, such as the spin algebra 2P,

A reflection ©: A — 2 is an antilinear automorphism such that
ORy) = A+ and ©* = [. Two different reflections © and ©' are
related by the linear automorphism 5 := ©©’, which maps 244 to 4,
and satisfies ©3 = 3710. Conversely, if © is a reflection and 3 satisfies
BRlL) =2As and OB = 71O, then O’ := OF is also a reflection.

Recall that a linear functional w: 2 — C is reflection positive on 2,
with respect to ©’, if 0 < w(O'(A)o A) for all A € A,. If © is related
to © by a square 3 = o2, then reflection positivity with respect to ©
and © are related as follows.

Proposition VI.1. Let a be a linear automorphism of 2 such that
a(s) =2Ax and O = o 'O. Let

0 =a'Oa.
Then the pullback a=*w(A) = w(a™(A)) is reflection positive with
respect to © on A, if and only if w is reflection positive with respect
to © on A,.

Proof. Since « is a linear automorphism, a(A_o A, ) = a(A_)oa(Ay)
for AL € A,. For A € 2, one has
a "w(O(A) o A) = wla'O(A)oal(A))
= w(®(a7'(4))0a"(4))).
Thus the first term is positive for all A € 2, , if and only if the last
term is positive. U

We apply this to the algebras of Majoranas and spins, with the Gibbs
functional py(A) = Z;' Tr(Ae ).

Corollary VI.2. The Hamiltonian H' := «(H) is invariant under the
reflection © if and only if H is invariant under ©' := o '©a. The
Gibbs functional py is reflection positive with respect to ©' on Ay, if
and only if pyr 1s reflection positive with respect to © on 2, .

Proof. The first statement follows as O(a(H)) = a(H) is equivalent to
a™'Oa(H) = H. For the second statement, note that the normalized
trace is unique on the algebras of Majoranas and spins. Thus o* Tr =
Tr for every automorphism «, and one has
o pu(A) = Zi Tr(a ™ (A)e") = Z7 Tr(a(a” (A)e ™))
= Zy' Tr(Ae™ ") = poin(A) |
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Note that in the above, we do not require ©, ©" or a to respect
the involution % on the algebra 2. If 2 is either the spin algebra or
the algebra of Majoranas, then the canonical reflection © preserves the
involution. In this case, © = o~ 'O« will preserve the involution if and
only if o does so.

VI.2. Gauge Automorphisms. In the context of a (super) tensor
product 2 of Zy-graded *-algebras 2;

A=Q;
JEA
we define the gauge automorphism o, parameterized by a collection
{7} ;e of automorphisms of 2, as

Qr = QjeATj -

If the 2; can be canonically identified which each other, and all 7; are
the same, then «. is called a global gauge transformation.

Suppose that 2 has a reflection © such that ©(%l;) is isomorphic
to ™Ay(j). Then the gauge automorphism «; is called reflection invari-
ant if 7, = @71;(;)@ for all 5 € A. Every reflection invariant gauge
automorphism satisfies

a,(AL) =2A+ and «,0 =0Oa;".

VI.2.1. Majorana Algebras with 1 generator. In the case of the Majo-
rana algebra generated by c¢; with j € A, 2; is the two-dimensional
algebra generated by I and c¢;, and the only two automorphisms are
7;(¢j) = %c¢;. There is a unique nontrivial global gauge automorphism
Cj = —C;j.

VI1.2.2. Majorana Algebras with 4 generators. In the case of the algebra
generated by Majoranas ¢ with j € A and « € {1,2, 3,4}, the algebra
2; is the Clifford algebra Cl(4,C) generated by the ¢ with i fixed.
The automorphisms 7; can be taken to be conjugation by an invertible
element g; € Cl(4,C)*, that is, 7;(4) = nggj_l. The spin group
Spin(4) is the group of even elements g € Cl(4, C)* such that gc*g~! =
R4c? for some R € SO(4,R).

VI1.2.3. Spin Algebras. In the next section the most relevant case will
be the spin algebra A" where 2, is the purely even algebra M?(C). If
7; is conjugation by a matrix g; € SL(2,C), we denote the gauge auto-
morphism corresponding to the collection {g;};ea by o . The require-
ment gy(;) = @g;l@ translates to gy(;) = g;. It is an automorphism of
x-algebras if and only if g; € SU(2,C) for every i € A,.
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VII. EXAMPLES OF SPIN MODELS

We apply the characterization of reflection positivity in Theorem V.2
to a number of spin systems: the Ising model, the quantum rotator, and
the anti-ferromagnetic Heisenberg model. Nearest neighbor couplings
are treated in §VIL.1, and long range interactions in §VIIL.2.

Many of these examples are well-understood, and we include those
mainly to show that they have a natural interpretation within our gen-
eral framework. Some relevant references are [DLS76, FILS78, DLST7S,
FL78, Bis09].

In this section, the lattice A has a geometric interpretation. It is a
finite, fixed point free subset of a manifold M with involution ¥, as
explained in §I.1. An important example is M = R? with J: RY —
R? the orthogonal reflection in a hyperplane II. Periodic boundary
conditions can be handled by taking M = T¢ the d-dimensional torus.

VII.1. Nearest Neighbor Couplings. The nearest neighbor Heisen-
berg model is given in terms of the Pauli matrices of on a lattice j € A
by the Hamiltonian

3 3
—H =) Y Jholoh+> Y hot. (VIL1)
a=1 (jj’) a=1j

Here the sum is over the nearest neigbour pairs (jj’), and J¢;, = J5,.
As H is Hermitian, the partition sum Zy = Tr(e ##) is nonzero.

In order to define nearest neighbor models, we assume that the lattice
A C M has the property that “bonds are perpendicular to the reflection
hyperplane”. This means that two lattice points 7 € A, and j' € A_
can only be nearest neighbors if j* = J(j). (For example, this is the
case in Fig. 1 and Fig. 2.)

Let J %é’)‘g, denote the matrix of couplings across the reflection plane,
defined in (V.4), (V.5). It is given by

044" _ 7a
Loy = Ty

for the indices (J,A) = {(j,a)} and (3", A") = {(5',a)} of equation
(V.1), and zero in all other components. Here j,j' € A, and a €
{1,2,3}. Note that S5y is only nonzero if j = j', as sites j' € Ay
and Y(j) € A_ on different sides of the reflection plane can only be
neighbors if j = j'.

VIL.1.1. Anti-Ferromagnetic Heisenberg Models. In order to show re-
flection positivity for the anti-ferromagnetic Heisenberg model, we re-
strict the coupling constants in (VIL.1) as follows:
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The full matrix of coupling constants is J-symmetric, J7;, = Js( NG
The external field is antisymmetric, hg( 5= —hj, and couplings across
the reflection plane are anti-ferromagnetic, Jy(;); < 0.

Proposition VII.1 (Anti-ferromagnetic Heisenberg Model). For
the above restrictions on the coupling constants in the Hamailtonian H
of (VII.1), the Gibbs state pgp is reflection positive with respect to the
standard reflection ©(0}) = —0g ;.-

Proof. Under the standard reflection ©, the first term on the right
side of (VIL1) is invariant if J§;, = J§ (. While the second term is
invariant if the external field satisfies Wy = —hj. By Theorem V.2,
the Gibbs state pgpy is reflection positive for all 5 > 0, if and only if
the matrix ¥k J%éfj'/ is positive semidefinite. As ky = ky = 1, this
matrix is diagonal with entries entries — 9 labelled by the 7 € A,
for which 9(j) € A_. This matrix is positive definite if and only if
Joy S 0 H

This includes the usual anti-ferromagnetic Heisenberg model, with
constant couplings Jj; = J; = J = J < 0, and vanishing external
field hf; = 0. The quantum rotator model is the special case Jl-?’j =0,
and the Ising model is the special case J3; = J; = 0. By the above
proposition, they are reflection positive in the anti-ferromagnetic case
of negative coupling constants with vanishing external field h{.

VIL.1.2. Ferromagnetic Quantum Rotator Model. The next example il-
lustrates the gauge transformation method introduced in §VI. In order
to show reflection positivity for the ferromagnetic quantum rotator
model, we restrict the coupling constants in (VII.1) as follows:

We require J3;, = 0 and 0 < J§; for a = 1,2. (In fact, the proof
only uses that the bonds j* = ¥(j) across the reflection plane are fer-
romagnetic.) We assume that the couplings are symmetric around the
reflection plane, Ji., = Togroin < 0 for a = 1,2. Finally, we re-
quire that the first two components of the external field are reflection
symmetric, hf?(j) = h§ for a = 1,2, and that the third component is
antisymmetric, hf;(j) = —h3.

Proposition VII.2 (Ferromagnetic Quantum Rotator). With the
above restrictions on the coupling constants in the Hamiltonian H of
(VII.1), the Gibbs state pgp is reflection positive with respect to the
anti-linear reflection ©' that satisfies

O'(0}) = 0'119(]-), O'(0?) = Jg(j), and ©'(0)) = —af;(j). (VIL.2)

J J
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Proof. We use the gauge transformation o, of §VI.2.3, with g; = 3%
for 5 € Ay and g; = e '3 for 5 € A_. This yields the clockwise
rotation over w/2 around the third axis,

ozg(ajl») = —0']2», ozg(af) = 0']1», ozg(aj»’) = 05»’ for jeA,, (VIL3)

and the counterclockwise rotation
ag(0)) = 07, ag(07) = =0, ag(of) =07 for jeA_. (VIL4)

After the gauge transformation, the Hamiltonian H of (VIL.1) becomes
H' = ay(H), which decomposes as H' = H', + Hj+ H' . Here

—H! = Z o Z o0 Zth—hlch—i-h? o’
with the sum over nearest nelghbors j,j" € A,. Similarly,
:Z /0 a/ Z ,0 0/ Z h201+h102+h§ f,
(33")
with the sum over nearest nelghbors J,j" € A_. Finally,

!/ 1 2 2 2 1 1
—Hy =Y =Ji;0i%0)% + > —J500i%5)0)
J J

where j € A, has 7' € A_ as a nearest neigbor.

The Hamiltonian H’ is invariant under the standard reflection de-
fined by ©(c}) = —0§;), as long as Jj s = Jiy and hy ) = hj,
hﬂ( B = h?, and hf;(j) = h] The matrlx of coupling constants across
the reflection plane is positive semidefinite if 0 < Jé(j)j and 0 < Jg(j)j.
From Theorem V.2, we see that under these conditions, the Gibbs state
pan for the Hamiltonian H' is reflection positive with respect to ©.

Applying Corollary VI.2, we infer that the Gibbs state pgy for the
original Hamiltonian H = a~!(H’) is reflection positive for the gauge
transformed reflection automorphism © = o~ '0a = Oa?, given in
equation (VIIL.2). O

VII.2. Long-Range Interactions of Spin Pairs. The Heisenberg
model with long-range interactions is defined by the Hamiltonian

3
—H=) > Joloiflx—2a). (VIL5)

a=1 {za'€\:x#z'}

Here f can be any reflection invariant, reflection positive function on
R¢, or on its compactification T™ x R in m < d directions. For such
functions the matrix f(J(z)—2a') for x, 2" € A, is positive semidefinite.
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Here there is extensive analysis, and some relevant papers are [OS73,
OS74, LM75, GJ79, FL10].

An important example is f(x) = ||z| = on R¢, which is reflection
positive for s > max{0,d — 2} by [NOM, Proposition 6.1]. Reflection
positive functions on the compactification can be obtained from reflec-
tion positive functions on R? under suitable conditions on the rapidity
of their decay, see for example [JJM14, Proposition 15].

For long-range interactions, the matrix of coupling constants across
the reflection plane will not be diagonal, as was the case for nearest
neighbor models.

VIL.2.1. Anti-Ferromagnetic Heisenberg Model. For J* < 0 (the anti-

ferromagnetic case), we can use the standard reflection ©(c%) = —of.

Proposition VII.3 (Long-Range Heisenberg Model). The Gibbs func-
tional pgy for the Hamiltonian (VII.5) is reflection positive with respect
to © for all B >0, if and only if J* <0 fora=1,2,3.

Proof. The Hamiltonian (VIL.5) is hermitian and ©-invariant, so by
Theorem V.2, it is reflection positive for all 5 > 0 if and only if the
matrix i*2 ks J %é‘;‘j'/ is positive semidefinite.

The matrix of coupling constants across the reflection plane has en-
tries

Toagy = J*f(9(z) — o)

for the indices (J,4) = {(z,a)} and (3", A") = {(2/,a)} of equation
(V.1), and all other entries are zero. Since ky = ky = 1, one finds

i N = =t (0() — o).

As f is reflection positive, this matrix is positive semidefinite if and
only if J* <0 fora=1,2,3. 0

VIIL.2.2. Ferromagnetic Rotator Model. The long-range rotator model
is given by the Hamiltonian (VIL.5) with J3 = 0.

In the anti-ferromagnetic case J? < 0, Proposition VII.3 shows that
it is reflection positive with respect to the standard reflection ©, sat-
isfying @(a}l) = =05 for a = 1,2,3. As in the nearest neighbor case,
the ferromagnetic model 0 < J'? is reflection positive for a different
reflection ©’, satisfying (VII.2).

Proposition VII.4 (Long-Range Quantum Rotator). The Gibbs
state pgy for the Hamiltonian (VI1.5) is reflection positive with respect
to the anti-linear reflection ©' for all B > 0, if and only if 0 < J® for
a=1,2.
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Proof. By Corollary V1.2, pgy is reflection positive for ©' = a 'O, if
and only if pgp is reflection positive for ©. Here H' = o(H), and we
choose av = o, to be the gauge transformation of equations (VIL.3) and
(VIL4).

The gauge transformed Hamiltonian H' has the form H' = H' +Hj+
H' | where the term H| containing the couplings across the reflection
plane is

“Hy= 3 = (V0@ = )loh + PF0) = obmon)

xz,x' €Ny

It follows that the matrix of couplings across the reflection plane for
the gauge transformed Hamiltonian H' is

TGk = =T f(W(x) — ),

for (3,A) = {(z,a)} and (J,A) = {(2',a)}. Here a =1 if a« = 2 and
vice versa. Since ky = ky = 1, the matrix i*3 k> J’%AjAj, is positive
semidefinite in the ferromagnetic case 0 < J°.

In order to apply Theorem V.2 to H', we still need to check that H' is
reflection invariant under the standard reflection ©. By Corollary VI.2,
this is equivalent to reflection invariance of the original Hamiltonian H
under ©’. This is readily seen to be the case by using the explicit
equation (VIIL.2) for ©'.

As o, ia a *-automorphism, H’ is hermitian, so Zgg > 0. One then
infers from Theorem V.2, that pgp is reflection positive with respect
to ©. As mentioned in the start of the proof, Corollary VI.2 then yields
that pgp is reflection positive for ©'. 0

Remark VIL5. An external field 3°_ > hjo§ can be added to
(VIL.5) under the same conditions as in the nearest neighbor case. For

the anti-ferromagnetic Heisenberg model, hg( 5 = —h§ for a = 1,2,3.
For the ferromagnetic quantum rotator, hg(j) = hj for a = 1,2, and
hg(] —hf for a = 3.
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